
Cédric Bellis1  

jointly with Rémi Cornaggia2, Bruno Lombard1 
   Marie Touboul3, Raphaël Assier4

Sur Quelques Travaux en Homogénéisation avec Inertie 
(et réciproquement)

1 Laboratory of Mechanics and Acoustics, CNRS, Marseille 
2 ∂’Alembert, Sorbonne Université, Paris 
3 POems, CNRS, Palaiseau 
4 Dept of Mathematics, Univ. of Manchester



2

Waves in microstructured media

⇢(x),L(x) mass density, elastic moduli

Homogenization
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‣ Examples: 1D, scalar wave (random or periodic)
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Waves in microstructured media

⇢(x),L(x) mass density, elastic moduli

Homogenization

⇢e↵(!),Le↵(!)

Questions: 

‣ Knowing                : computation (analytically or numerically) of            ? 

- periodic homogenization, FFT-based computations 

- higher-order homogenization (asymptotic expansions) 

‣ Computation of dispersion relation characterizing the microstructure 

‣ Given effective constitutive relations                     : simulation of wave propagations? 

‣ For objective            : computation of optimal               ?
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Macroscopic behavior

Starting equation (full-field):
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Homogenized equation (periodic):

<latexit sha1_base64="Q3qpzE/sPzZHW2Y4zHdloeAPV/Q="></latexit>

⇢e↵
@2u0

@t2
(x, t) = µe↵

@2u0

@x2
(x, t)

<latexit sha1_base64="gq38wjO9sQY/3IUv9g4lozhtklw="></latexit>

⇢e↵ = h⇢i

<latexit sha1_base64="dznb9bJI5SKZXdvfuTbvWXJw7eg="></latexit>

µe↵ =

⌧
1

µ

��1

with and

‣ Leading-order approximation:
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using suitable hypotheses (ergodicity)

‣ Possible higher-order approximation, e.g.
<latexit sha1_base64="cQ5xJJlf88G2Yv+XArL7iq38GvM="></latexit>

u = u0 + ⌘u1 +O(⌘2)

! Boundary conditions and localized sources require extra care and analysis!

<latexit sha1_base64="L+qihskR1kW7tHllltHUFq0ZGaE="></latexit>

⌘ =
`

�
⌧ 1



4

Motivations

‣ Insight to essential phenomena and key parameters

Y. Capdeville, J.J. Marigo

‣ Efficient simulations:

www.nature.com/scientificreports/

3Scientific RepoRts | 6:39356 | DOI: 10.1038/srep39356

Figure 1. Seismic Rayleigh wave attenuation by surface resonators. (a) Seismic barrier of surface resonators. 
(b) Resonator modes excited by Rayleigh wave elliptical motion. (c) Schematic of resonators interacting with 
surface waves. (d) Dispersion relation. Geometrical and mechanical parameter of the system are collected in 
Table S1. Solid red line is the dispersion calculated using our model; dashed black lines are the bulk waves in the 
soil, while dashed blue line is the soil Rayleigh wave. The sound cone is highlighted in orange while surface band 
gaps are highlighted in gray. (e) Normalized bandwidth for varying soils vs. resonator design. Solid lines 
identify iso-bandwidths. The star represents the considered case, the dot represents a resonator with the same 
bandwidth embedded in a soil with ∼ 5 time higher cS,soil. We assume a constant soil density ρ = 1300 kg

m3  and a 
constant soil Poisson ratio νs =  0.3 (i.e. a constant ratio between soil longitudinal and shear wave speed 
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‣ Manipulate waves: materials structured in bulk or surface

A. Palermo et al.

Metamaterials
‚ Objective : control the propagation of waves
‚ Main idea: structuring the material [Pendry, Liu, Deymier, Su, Norris, Craster, Guenneau,...]

Zoom on the waves behaviour

Example of seismic meta-barriers [Marzani et al. 2016]: deflection of surface waves

Filtering elastic waves (P versus S) [Su et al. 2018]
Marie Touboul (Aix Marseille Univ) PhD defense 2Su et al. 2018
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Microstructured media

Willis, Sanchez-Palencia, Bensoussan-Lions-Papanicolaou, … 

‣ Different geometrical configurations of interest for waves: random,  periodic,  quasi-periodic

Bulk Transmission pb Interface Surface

h

with     reference wavelength�
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Recent references:     Boutin, Craster, Guenneau, Marigo, Maurel, Pham, … 

‣ Different material configurations:  

- Weak contrast :                independent of        non-resonant case 

- Strong contrast :                 depend on                    resonant case 

                             for example       
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Outline

1. Dispersion, high-order homogenization and design of microstructures

2. Homogenization with internal resonances

3. Dynamical homogenization with non-linearities (at interfaces)



- Numerical experiment:

point source

Propagating medium

7

Dispersive behavior

‣ In periodic media: Floquet-Bloch theorem
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prediction of the waves properties depending on propagation direction
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Eigenmodes of periodic wave equation 
in harmonic regime writes as
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Dynamical homogenization

‣  Scalar waves in time-harmonic regime:

ℓ

1

(µ, ρ)

λ

Unit cell Y

ℓ

1

(µ, ρ)

λ

Unit cell Y
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Y:   -periodic constitutive parameters  
                  (shear modulus, mass density)

‣  Long-wavelength regime         :  
 two-scale asymptotic expansion of the solution
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‣  Second-order (enriched) homogenized wave equation for   :
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Bensoussan et al., Sanchez-Palencia, Auriault, Boutin, Andrianov, Guzina, …
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Effective properties and topological optimization

‣ Effective dispersive effects: plane wave solution                             dispersion relation
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‣ Phase velocity for the effective model at wavenumber   and direction   :
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‣ Topological optimization problem:
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Fcost fctcell fct macro obs.

Allaire, Bendsøe, Sigmund, Yamada, Amstutz, …

‣ Example of cost functional:
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‣ Possible constraints or parametrization 
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Topological derivative

Ba(z) =z+aB

a

(∆µ,∆ρ)
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ℓ

Unit cell Y Inclusion

z
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‣ Gradient-based approach: 
Topological perturbation of unit cell
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‣ Asymptotic expansion of cost functional:
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Bonnet, Cornaggia, Guzina
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‣ Computation of topological derivatives 
of effective parameters

computation of 12 scalar 
static cell problems 
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Numerical strategies Finite elements methods, FFT-based methods, …

Sokolowski, Garreau, Bonnet, Guzina, Amstutz, …

Moulinec, Suquet, …
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Material updating

Pixel-by-pixel algo: while                                swap phases at extremal pixels 
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Amstutz, Andrä
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R. Cornaggia, CB, 2020

‣ Example of cost functional:
<latexit sha1_base64="H0lhOFzZhAh2snKQMUFshDmwySM="></latexit>

F
�
Cdyn
e↵ (C) ; {✓+,✓�}

�
=

1

2

✓
d(✓�)2 +

1

d(✓+)2

◆

‣ Two-phase unit cell              
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Optimization and inversion results

‣ Optimization of dispersion w.r.t. multiple directions:
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generated microstructure

‣ Inversion: reconstruction of microstructure from dynamical meas.:
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Identification from composite response: 
see Robin Valmalette poster!
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Outline

1. Dispersion, high-order homogenization and design of microstructures

2. Homogenization with internal resonances

3. Dynamical homogenization with non-linearities (at interfaces)
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Microstructured interface problem

‣Context :

Interface pb resonant case+

effective jump 
conditions

Delourme, Marigo, Maurel, Pham,...
Configuration

$
’’&

’’%

B⌃h

Bt “ µhpXqrVh

⇢hpXq BVh

Bt “ r ¨ ⌃h

Vh “ BUh
Bt with Uh out-of-plane displacement

⌃h stress field

�m

�m

a

E�ective jump
conditions

Homogenization

�m�(�m,µm)

�m (�m, µm)

����i�
(�i,µ i)

X1

X1

X2

X2

� e

h

• Low-frequency/long-wavelength: h ! � ñ small parameter ⌘ ! 1

• Contrasts in the physical parameters:

‚ Low contrast

⇢i « ⇢m and µi « µm

‚ High contrast [Auriault et al. 2012, Pham et al. 2017]

⇢i « ⇢m and µi « ⌘2µm

Objectives

‚ Time-domain simulations in the high-contrast case

‚ Optimization of the microstructure in the low-contrast case

Marie Touboul (Aix Marseille Univ) PhD defense 6
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Objectives
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Marie Touboul (Aix Marseille Univ) PhD defense 6

- 2D scalar waves (e.g. anti-plane elasticity):

- behavior in the time-domain

<latexit sha1_base64="8DtMrAQj7wW2vIS53qpKG04LIA0="></latexit>a
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⇢i « ⇢m and µi « µm
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‚ Time-domain simulations in the high-contrast case
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Marie Touboul (Aix Marseille Univ) PhD defense 6

- 2D scalar waves (e.g. anti-plane elasticity):

- asymptotic expansion of the solution :

Known results in the high-contrast case ⇢i « ⇢m and µi « ⌘2µm

e

h

�

�m

a

E�ective�jump�
conditions

Homogenization

�m�
(�m,µm)

������i�
(�i,µi)

X1

X2

�m�
(�m,µm)

� X1

X2

‚ Jump conditions in the frequency domain for (V “ V0 ` hV1,⌃ “ ⌃0 ` h⌃1)
[Pham et al. 2017]:

#
vV̂ wa “ B ¨ xrV̂ ya
v⌃̂1wa “ C : xr⌃̂ya`hD̂p!qxdiv ⌃̂p!qya

‚ Cell problems to be solved to get B, C on periodic semi-infinite strip

‚ Resonant coe�cient D̂p!q “ ↵0 ´
8ÿ

r“1

↵2
r

!2

!2 ´ !2
r

‚ !2
r subset of Dirichlet eigenvalues of an inclusion ⌦i, ↵r mean values of the modes

Objective: Time-domain simulations for the
homogenized model

‚ Time-domain formulation

‚ Numerical method

Marie Touboul (Aix Marseille Univ) PhD defense 8

Known results in the high-contrast case ⇢i « ⇢m and µi « ⌘2µm
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Objective: Time-domain simulations for the
homogenized model

‚ Time-domain formulation

‚ Numerical method

Marie Touboul (Aix Marseille Univ) PhD defense 8

effective jump conditions (freq.)

Known results in the high-contrast case ⇢i « ⇢m and µi « ⌘2µm
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‚ Jump conditions in the frequency domain for (V “ V0 ` hV1,⌃ “ ⌃0 ` h⌃1)
[Pham et al. 2017]:
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Objective: Time-domain simulations for the
homogenized model

‚ Time-domain formulation

‚ Numerical method

Marie Touboul (Aix Marseille Univ) PhD defense 8

with

- homogenization in the time-domain

Numerical modelling
⇢i « ⇢m and µi « ⌘2µm

Summary

3 First-order e↵ective model in
the time domain

3 Condition to have a well posed
problem

7 Numerical method for the
e↵ective problem

• Conservation equations outside the enlarged interface:
$
’’&

’’%

B⌃
Bt

“ µmrV

⇢m
BV

Bt
“ r ¨ ⌃

• E↵ective jump conditions:
$
’&

’%

vV wa “ B ¨ xrV ya

v⌃1wa “ Sx B⌃1

BX1
ya ` C ¨ xr⌃2ya ` ⇢i

ª

⌦i

BWi

Bt
dy

looooooooomooooooooon
hD˚txdiv ⌃ya

Handling conservation laws + jump conditions:

‚ Non-resonant case: Finite di↵erences + Immersed interface method
[Lombard et al. 2017]

‚ Possible strategies for the resonant case:

7 D ˚t xdiv⌃ya: non-local in time

7
≥
⌦i

BWi
Bt : computation of a problem in ⌦i at each point of the interface

3 auxiliary fields: no problem in ⌦i and additional fields but local in time
[Gralak et al. 2010, Cassier et al. 2017, Bellis et al. 2019]

Marie Touboul (Aix Marseille Univ) PhD defense 14

non-local terms:

- development of simulation tools

- optimization of microstructures (non-resonant case) 
with R. Cornaggia

M. Touboul, PhD 2021

Time-domain homogenization

‣Context :

Interface pb resonant case+

effective jump 
conditions

<latexit sha1_base64="8DtMrAQj7wW2vIS53qpKG04LIA0="></latexit>a
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- homogenized model (approx. 1st order) : conservation eq. + jump cond.

Numerical modelling
⇢i « ⇢m and µi « ⌘2µm

Summary

3 First-order e↵ective model in
the time domain

3 Condition to have a well posed
problem

7 Numerical method for the
e↵ective problem

• Conservation equations outside the enlarged interface:
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Bt
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‚ Non-resonant case: Finite di↵erences + Immersed interface method
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7
≥
⌦i
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Bt : computation of a problem in ⌦i at each point of the interface

3 auxiliary fields: no problem in ⌦i and additional fields but local in time
[Gralak et al. 2010, Cassier et al. 2017, Bellis et al. 2019]
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Handling conservation laws + jump conditions:

‚ Non-resonant case: Finite di↵erences + Immersed interface method
[Lombard et al. 2017]

‚ Possible strategies for the resonant case:

7 D ˚t xdiv⌃ya: non-local in time

7
≥
⌦i

BWi
Bt : computation of a problem in ⌦i at each point of the interface

3 auxiliary fields: no problem in ⌦i and additional fields but local in time
[Gralak et al. 2010, Cassier et al. 2017, Bellis et al. 2019]

Marie Touboul (Aix Marseille Univ) PhD defense 14

Effective model

‣Context :

Interface pb resonant case+

effective jump 
conditions

<latexit sha1_base64="8DtMrAQj7wW2vIS53qpKG04LIA0="></latexit>a

M. Touboul, PhD 2021
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Resonant effective models

‣Context :

Bulk pb Resonant case+

‣ Tools : effective constitutive relations. Example in acoustics: (    ) = (velocity, pressure) 

  8
>><

>>:

⇢a
@v

@t
+rp = ⇢a g,

�1
a

@p

@t
+ div v = �1

a f,

v, p

⇢e↵(!),Le↵(!)

with

- Augmented formulation 
(introduction of auxiliary fields) 

- Hyperbolic syst. of order 1 
- Well-posedness in time 
- Dispersive properties of media 
- Standard numerical schemes

−3 −2 −1 0 1 2 3

−3 

−2 

−1 

0 

1 

2 

3 

x (m)

y
 (

m
)

−3 −2 −1 0 1 2 3

−3 

−2 

−1 

0 

1 

2 

3 

x (m)

y
 (

m
)

−3 −2 −1 0 1 2 3

−3 

−2 

−1 

0 

1 

2 

3 

x (m)

y
 (

m
)

Initial time Classical acoustics Metamaterial
CB, B. Lombard

‣ Objectives : time-domain simulations (frequency-dependent law = non-locality in time)

<latexit sha1_base64="kTTJwVycVsgABute9hwUTrhoOeU="></latexit>

⇢a  � ⇢̂(!) = ⇢a

 
1�

⌦2
⇢

!2 � !2
⇢

!
,

�1
a  � ̂�1(!) = �1

a

✓
1� ⌦2



!2 � !2
 � i � !

◆
.
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Handling resonant effective models

‣ Non-local (in time) effective constitutive relations    (    ) = (velocity, pressure)

8
>><

>>:

⇢a
@v

@t
+rp = ⇢a g,

�1
a

@p

@t
+ div v = �1

a f,

v, p

<latexit sha1_base64="JCB9TGs38du8ehy8czAgzImuAfY="></latexit>8
>><

>>:

⇢ ⇤ @v

@t
+rp = ⇢a g,

�1 ⇤ @p

@t
+ div v = �1

a f,

internal resonances

−3 −2 −1 0 1 2 3

−3 

−2 

−1 
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1 

2 

3 

x (m)

y
 (

m
)

−3 −2 −1 0 1 2 3

−3 

−2 

−1 

0 

1 

2 

3 

x (m)

y
 (

m
)

‣ History-dependent behavior: memory intensive if past values of fields are stored

Define auxiliary field

‣ Auxiliary variables trick (a.k.a. internal variables)

with

<latexit sha1_base64="MhyfdXydC5Bg6XGiJk0xrcU/bpQ="></latexit>

⇢̂(!) = ⇢a

 
1�

⌦2
⇢

!2 � !2
⇢

!

Given
<latexit sha1_base64="qHPzOcBcvZ8NhocwKVRY6yVZGRo="></latexit>

F

⇢ ⇤ @v

@t

�
= ⇢̂(!) i!v̂(!)

<latexit sha1_base64="jMIbaDMI7YimAGBge94t6plbMXs="></latexit>

ŵ(!) =

✓
�1

!2 � !2
⇢

◆
v̂(!)

linear ODE

so that:

<latexit sha1_base64="tWimy3r6WZQ2JCvaV8rOKZjl5gU="></latexit>

@2w(t)

@t2
+ !2

⇢w(t) = v(t)

<latexit sha1_base64="+/5OPPCxkBZ1yJWxawfwW1aZuP0="></latexit>

⇢ ⇤ @v

@t
+ . . .
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⇢a
@v(t)

@t
+ ⇢a⌦

2
⇢
@w

@t
(t) + . . .
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{augmented formulation 
overall energy conservation  

frequency dependence transferred to auxiliary field

Tip, Gralak
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Outline

1. Dispersion, high-order homogenization and design of microstructures

2. Homogenization with internal resonances

3. Dynamical homogenization with non-linearities (at interfaces)
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Imperfect interfaces

Part II: Homogenization of periodic media
with imperfect interfaces

Imperfect interfaces

Collaboration with: Raphael Assier (Dept of Mathematics, University of Manchester)

Marie Touboul (Aix Marseille Univ) PhD defense 34

Background and objective
‚ Jump conditions to model imperfect contacts between the matrix and inclusions

‚ Link with the previous part (low-contrast):

$
’’’&

’’’%

vUwa “ B1x⌃ ¨ nya ` B2x BU

BX2
ya

v⌃ ¨ nwa “ Sx B2U

Bt2
ya ` C ¨ x B⌃

BX2
ya

‚ B2 “ C “ 0 ›Ñ spring-mass jump conditions, cf phenomenological models
[Jones, Whittier, Tattersall, Sevostianov, Licht, Lebon, Rizzoni]

$
’’&

’’%

K ¨ JUKX “ x⌃ ¨ nyX

J⌃ ¨ nKX “ M ¨
C

B2U

Bt2

G

X

K sti↵ness
M mass

Objectives: Model the behaviour of microstructured media with spring-mass interfaces

Derivation of e↵ective models at:

low frequencies: higher frequencies:

1D non-linear
2D/3D linear

1D linear

Marie Touboul (Aix Marseille Univ) PhD defense 35

- Jump conditions to model imperfect transmission conditions between matrix and inclusions

displacement

stress

Rational approach 
through homogenization  

of thin interphases
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- Limit behavior: spring-mass jump conditions

Background and objective
‚ Jump conditions to model imperfect contacts between the matrix and inclusions

‚ Link with the previous part (low-contrast):
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Objectives: Model the behaviour of microstructured media with spring-mass interfaces

Derivation of e↵ective models at:

low frequencies: higher frequencies:

1D non-linear
2D/3D linear

1D linear

Marie Touboul (Aix Marseille Univ) PhD defense 35

: stiffness

: mass

Jones, Lebon, Licht, Rizzoni, Sevostianov, Tattersall, Whittier,…

together with phenomenological models

�
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Effective behavior 
in long-wavelength  

limit ?



‣ Objective: effective dynamical model at the 1st-order, i.e. approximation
<latexit sha1_base64="fseWGPnVz0+f1jhl2MTLBL6zaRM="></latexit>

Uh(X, t) = U (1)(X, t) + o(h)

21

Microstructured problem

‣1D array of non-linear imperfect interfaces

h

X
<latexit sha1_base64="u+p+QPXLs4pUmvTZ1QylUKUOI3U="></latexit>

x
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hk⇤ = ⌘

�
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- wave equation:

- linear stress-strain relation:

<latexit sha1_base64="w2mFqa4G8CIbvRZGEQLlwlXhGgY="></latexit>

{
<latexit sha1_base64="JalCxm3ZdnHuweRdYyJcCg5fyj0="></latexit>

⌃h(X, t) = Eh(X)
@Uh

@X
(X, t)

<latexit sha1_base64="Rl97M9KfUekgxR3a0Oq/ptBR1/k="></latexit>

⇢h(X)
@2Uh

@t2
(X, t) =

@⌃h

@X
(X, t) + F (X, t)

<latexit sha1_base64="jps4rsg6RglTJjIvz4kZ4mALtCg="></latexit>

⇢h, Eh

<latexit sha1_base64="4YGjV5Ebj/mNlVRykq9n9GAZMM0="></latexit>

JgKXn
= g(X+

n )� g(X�
n ) and hhgiiXn

=
1

2

�
g(X+

n ) + g(X�
n )

�
‣ jump and mean operators:

<latexit sha1_base64="fSU0V02lf26iOeZ2b2bESJ7mRKs="></latexit>8
><

>:

M

⌧⌧
@2Uh

@t2
(·, t)

��

Xn

= J⌃h(·, t)KXn

hh⌃h(·, t)iiXn
= KR

�
JUh(·, t)KXn

�

- interface conditions:

<latexit sha1_base64="5DaSjclRKkfZ/d6X2C3VUml8OuE="></latexit>

M,K : interface mass and stiffness 

‣Setting of interest:
<latexit sha1_base64="mM1TaUNhRYbo6/8StMYlRHdl9Wo="></latexit>

h ⌧ �

<latexit sha1_base64="ab72ufWGM6Y11YU/e8wNAFgtBpc="></latexit>

R

 - long-wavelength regime 

 - non-linear interface behavior

<latexit sha1_base64="w2mFqa4G8CIbvRZGEQLlwlXhGgY="></latexit>

{1

<latexit sha1_base64="w2mFqa4G8CIbvRZGEQLlwlXhGgY="></latexit>

{
<latexit sha1_base64="/AiupqgD5Izz/Vzy7YUm5MG1axA="></latexit>

M/h ⇠ 1

h

Z h

0
⇢h dX

<latexit sha1_base64="OLo+uJ8ZYTmfiK+/3stclFhTeaw="></latexit>

Kh ⇠
 
1

h

Z h

0
E�1

h dX

!�1

2
from  

observations
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Constitutive interface law

h

X
<latexit sha1_base64="u+p+QPXLs4pUmvTZ1QylUKUOI3U="></latexit>

x
<latexit sha1_base64="JMjTbapIzv5VUme1AQe1zf8IkeI="></latexit>

y
<latexit sha1_base64="0yr2Enj2Kll/tAY/VmNuhMjfobA="></latexit>

1
<latexit sha1_base64="FxrxOlEuMH0AyaT50qWr94TcVm0="></latexit>

0
<latexit sha1_base64="cVss9qoHHeNJDPFyUikwfIyLm9w="></latexit>

0
<latexit sha1_base64="cVss9qoHHeNJDPFyUikwfIyLm9w="></latexit>

0
<latexit sha1_base64="cVss9qoHHeNJDPFyUikwfIyLm9w="></latexit>

<latexit sha1_base64="Av76YYPICxl9Gb4vBsrBOBcgudw="></latexit>

hk⇤ = ⌘

‣Constitutive assumptions:

‣ Phenomenological models

Achenbach, Norris, Bandis, 
Sevostianov, Broda, …

‣Examples:

−1E−4 −5E−5 0 5E−5 1E−4 1.5E−4 2E−4

−8E−4 

−6E−4 

−4E−4 

−2E−4 

0 

2E−4 

zeta

R
(z

et
a)

nonlinear

linear

<latexit sha1_base64="DWoc/6dTvmtIUuOrJeXCP732x10="></latexit> R
(⇣
)

<latexit sha1_base64="LBQgJBu69Inwgicp8KX7i05KyCk="></latexit>

⇣

<latexit sha1_base64="Thb5t+VItM3XkftLHDDEijyJPOM="></latexit>

R(⇣) =
⇣

1 + ⇣/d
hyperbolic

<latexit sha1_base64="YpeuSzorUxod7Z48tbCpwIKI4dE="></latexit>

R(⇣) = ⇣ linear (spring-like)

<latexit sha1_base64="Y6nmScv21+musHQv0DUo2OkXqbc="></latexit>

�d

model degenerates to 
- perfect transmission cond. 
- linear law 
- unilateral contact 
- …

<latexit sha1_base64="LGnyyA8pDYw6IdHgUOqoDos0IjA="></latexit>

R : (�d,+1) �! R

<latexit sha1_base64="Pz6izklNZSwC+YpSTnGKZWbfw5Q="></latexit>

M � 0 and K > 01)

2)
<latexit sha1_base64="nqfAKNXMJbwqTZSFNQhkEKU2nDs="></latexit>

d 2 R+ [ {+1}maximum compressibility length: 
<latexit sha1_base64="aylRBPc2VJWS27781tJ2x1E7kAs="></latexit>

R(0) = 0, R0 > 0

<latexit sha1_base64="/xyUhLICO7jm0RvUQm++lazgWy4="></latexit>

R00 < 0 or R00 = 0

technical assumptions:

smooth

<latexit sha1_base64="fSU0V02lf26iOeZ2b2bESJ7mRKs="></latexit>8
><

>:

M

⌧⌧
@2Uh

@t2
(·, t)

��

Xn

= J⌃h(·, t)KXn

hh⌃h(·, t)iiXn
= KR

�
JUh(·, t)KXn

�

- interface conditions:

<latexit sha1_base64="5DaSjclRKkfZ/d6X2C3VUml8OuE="></latexit>

M,K : interface mass and stiffness 



‣ Numerical simulation:  source with amplitude     and fixed central frequency
<latexit sha1_base64="hH4SvWjziw4O+RUpXocTU+9uU/0="></latexit>

A
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Microstructure behavior

‣ For a single interface: 

 - existence and uniqueness of a solution to elastodyn. equations        Junca, Lombard 

 - generation of harmonics 

 - amplitude of harmonics increases with source amplitude and non-monotonic behavior w.r.t. freq.

‣ Energy analysis in array:                        such that                 without source
<latexit sha1_base64="4+2vbo+Z44NAc4hAcdQtCTUOkoU="></latexit>

Eh =Em
h +Ei

h

<latexit sha1_base64="R0euf2TPCqS7Xzdze7v1a/AzDF0="></latexit>

d

dt
Eh = 0

<latexit sha1_base64="rQpBG4wtWwO9xrhOrwnrkTqXqu4="></latexit>

Ei
h(t) =

X

XI
n

8
<

:
1

2
MhhVh(·, t)ii2XI

n
+K

Z R�1
�
hh⌃h(·,t)iiXI

n
/K

�

0
R
�
⇣
�
d⇣

9
=

;

<latexit sha1_base64="SxlGcdToQ5qKcejGnZSpp6r345M="></latexit>

Em
h (t) =

1

2

Z

I

⇢
⇢h(X)Vh(X, t)2 +

1

Eh(X)
⌃h(X, t)2

�
dX

bulk mech. energy interface energy

<latexit sha1_base64="jQq/OpnT+s4vjvPmLyXbPx2UCUU="></latexit>

A = 120
<latexit sha1_base64="fnU4bnCnYuGnAjX4SstOOhfQfQU="></latexit>

A = 0.1
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Microstructure behavior
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behavior

1st-order approximation in the case of small source amplitudes and at (short) finite times 

‣ For a single interface: 

 - existence and uniqueness of a solution to elastodyn. equations        Junca, Lombard 

 - generation of harmonics 

 - amplitude of harmonics increases with source amplitude and non-monotonic behavior w.r.t. freq.

‣ Energy analysis in array:                        such that                 without source
<latexit sha1_base64="4+2vbo+Z44NAc4hAcdQtCTUOkoU="></latexit>

Eh =Em
h +Ei

h

<latexit sha1_base64="R0euf2TPCqS7Xzdze7v1a/AzDF0="></latexit>

d

dt
Eh = 0

<latexit sha1_base64="rQpBG4wtWwO9xrhOrwnrkTqXqu4="></latexit>

Ei
h(t) =

X

XI
n

8
<

:
1

2
MhhVh(·, t)ii2XI

n
+K

Z R�1
�
hh⌃h(·,t)iiXI

n
/K

�

0
R
�
⇣
�
d⇣

9
=

;

<latexit sha1_base64="SxlGcdToQ5qKcejGnZSpp6r345M="></latexit>

Em
h (t) =

1

2

Z

I

⇢
⇢h(X)Vh(X, t)2 +

1

Eh(X)
⌃h(X, t)2

�
dX

interface energybulk mech. energy

‣ Numerical simulation:  source with amplitude     and fixed central frequency
<latexit sha1_base64="hH4SvWjziw4O+RUpXocTU+9uU/0="></latexit>

A
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Two-scale analysis

h

X
<latexit sha1_base64="u+p+QPXLs4pUmvTZ1QylUKUOI3U="></latexit>

x
<latexit sha1_base64="JMjTbapIzv5VUme1AQe1zf8IkeI="></latexit>

y
<latexit sha1_base64="0yr2Enj2Kll/tAY/VmNuhMjfobA="></latexit>

1
<latexit sha1_base64="FxrxOlEuMH0AyaT50qWr94TcVm0="></latexit>

0
<latexit sha1_base64="cVss9qoHHeNJDPFyUikwfIyLm9w="></latexit>

0
<latexit sha1_base64="cVss9qoHHeNJDPFyUikwfIyLm9w="></latexit>

0
<latexit sha1_base64="cVss9qoHHeNJDPFyUikwfIyLm9w="></latexit>

<latexit sha1_base64="Av76YYPICxl9Gb4vBsrBOBcgudw="></latexit>

hk⇤ = ⌘
<latexit sha1_base64="j6gwEr+wCHFmxH5XxU1DYfbL2Oo="></latexit>

hk = ⌘

‣ Non-dimensionalization of governing equations:

h

X
<latexit sha1_base64="u+p+QPXLs4pUmvTZ1QylUKUOI3U="></latexit>

x
<latexit sha1_base64="JMjTbapIzv5VUme1AQe1zf8IkeI="></latexit>

y
<latexit sha1_base64="0yr2Enj2Kll/tAY/VmNuhMjfobA="></latexit>

1
<latexit sha1_base64="FxrxOlEuMH0AyaT50qWr94TcVm0="></latexit>

0
<latexit sha1_base64="cVss9qoHHeNJDPFyUikwfIyLm9w="></latexit>

0
<latexit sha1_base64="cVss9qoHHeNJDPFyUikwfIyLm9w="></latexit>

0
<latexit sha1_base64="cVss9qoHHeNJDPFyUikwfIyLm9w="></latexit>

<latexit sha1_base64="Av76YYPICxl9Gb4vBsrBOBcgudw="></latexit>

hk⇤ = ⌘

<latexit sha1_base64="R/NjgKoQnGBCnZKzVJpSiEvRyb4="></latexit>

k =
2⇡

�

�
<latexit sha1_base64="N72ofBAczJsnUTUk1KpH9ZRiJwc="></latexit><latexit sha1_base64="N72ofBAczJsnUTUk1KpH9ZRiJwc="></latexit><latexit sha1_base64="N72ofBAczJsnUTUk1KpH9ZRiJwc="></latexit><latexit sha1_base64="N72ofBAczJsnUTUk1KpH9ZRiJwc="></latexit>

avec

<latexit sha1_base64="OIlU+LGhxfo5v/uIS4Awde43Tnc="></latexit>

(X, t)
<latexit sha1_base64="cIuqOA3FSxpRN4qj/4LfpZxCRcw="></latexit>

(x, ⌧)

- wave equation:
<latexit sha1_base64="bSXL4n8fh3kvTtBB73XfN4ML3gI="></latexit>

↵

✓
x

⌘

◆
@2u⌘

@⌧2
(x, ⌧) =

@

@x

✓
�

✓
x

⌘

◆
@u⌘

@x
(x, ⌧)

◆
+ f(x, ⌧)

‣ Formal asymptotic expansion:
<latexit sha1_base64="GpUJPtQS1cxaZO1eOj3qsg9KtNs="></latexit>

⌘ ⌧ 1

<latexit sha1_base64="io1SSoe0Qa/1EQbXUslZfd6ubeg="></latexit>

y = x/⌘with fast variable
<latexit sha1_base64="KnjgWlQHK+cP4c3O4gOlAxAJ1jY="></latexit>

u⌘(x, ⌧) = u0(x, ⌧) +
X

j�1

⌘juj(x, x/⌘, ⌧)

Specificities of the setting considered:!

- smooth interface law: Taylor exp.
<latexit sha1_base64="7j8DVm1FGBSvDBHNPn4+uKIWleE="></latexit>

R
✓
h

⌘
Ju⌘Kyn

◆
=

X

`�0

(h⌘)`

`!

✓X

j�2

⌘j�2 Juj(x, ·, ⌧)Kyn

◆̀
R(`)

⇣
h Ju1(x, ·, ⌧)Kyn

⌘

- 1D magic: direct integration possible and

<latexit sha1_base64="Ukw218dtbGXUcj9udGnnPCi4InM="></latexit>⌧
dg

dy

�
=

Z 1

0

dg

dy
(y) dy = � JgK

- interface conditions:

uncover all 
contributions 
      in <latexit sha1_base64="JpTUSX70I4yZ99EheQhIarcwfC4="></latexit>⌘

<latexit sha1_base64="T949AoOF77G43Nr30eOH7nVvR2g="></latexit>8
>>><

>>>:

m ⌘

⌧⌧
@2u⌘

@⌧2
(·, ⌧)

��

xn

=

s
�
@u⌘

@x
(·, ⌧)
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�
@u⌘

@x
(·, ⌧)
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xn

=
k

h
R

✓
h

⌘
Ju⌘(·, ⌧)Kxn
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Microstructured field approximation

1st-order approximation:

‣ Zeroth-order field     :
<latexit sha1_base64="/QQeFMRhBvb/pX0zMvR2aNXg28A="></latexit>

U0

- continuous in 
<latexit sha1_base64="Mg/yumz3kORfBGMRHgvH/vIU0uc="></latexit>

X

- solution of:

<latexit sha1_base64="siUYN1Faxi8Y6kIxqelGNHx+7mY="></latexit>

⇢e↵
@2U0

@t2
(X, t) =

@⌃0

@X
(X, t) + F (X, t)

<latexit sha1_base64="gcntKNH2iMk3UmtD8Wb8Q2lLlj8="></latexit>

⇢e↵ =

✓
h⇢i+ M

h

◆effective mass density

<latexit sha1_base64="r8SkGAPO5UJlxAsWtgcQMycpeLQ="></latexit>

R(⇣) = ⇣
<latexit sha1_base64="2+6r/toHzKNoHTww5R+ZqVfOypw="></latexit>

Ge↵(E0) = C`
e↵ E0 with C`

e↵ =

✓⌧
1

E

�
+

1

Kh

◆�1

- in the case of linear interfaces, i.e.
‣ Remarks:

- in the case of perfect interfaces, i.e.
<latexit sha1_base64="MClcBQGITDsHrj2F+TsAsk7rn6Y="></latexit>

⇢e↵ ⇠ h⇢i and C`
e↵ ⇠ h1/Ei�1

<latexit sha1_base64="btLYZERkBYfOM9sq9A608QFGHso="></latexit>

K ! +1, M ! 0

<latexit sha1_base64="7fRDdpXi7iM35wuzadeWsKcuTcU="></latexit>⌧
1

E

�
⌃0(X, t) +

1

h
R�1

✓
1

K
⌃0(X, t)

◆
= E0(X, t)

<latexit sha1_base64="DGUmY4QTHORIJcC4MrS4trGktzY="></latexit>

E0 = @U0/@Xwhere

local and non-linear stress-strain relation
<latexit sha1_base64="WjdFOMxdfmOxQY0Kda7o1/tK4YE="></latexit>

⌃0 = Ge↵(E0)

<latexit sha1_base64="PoozlMdKZ9+h96F+oWa7rRYdLzs="></latexit>

Uh(X, t) = U0(X, t) + hU1(X, t) + o(h)
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Microstructured field approximation

- continuous in 
<latexit sha1_base64="Mg/yumz3kORfBGMRHgvH/vIU0uc="></latexit>

X

- solution of:

<latexit sha1_base64="siUYN1Faxi8Y6kIxqelGNHx+7mY="></latexit>

⇢e↵
@2U0

@t2
(X, t) =

@⌃0

@X
(X, t) + F (X, t)

<latexit sha1_base64="gcntKNH2iMk3UmtD8Wb8Q2lLlj8="></latexit>

⇢e↵ =

✓
h⇢i+ M

h

◆effective mass density
<latexit sha1_base64="7fRDdpXi7iM35wuzadeWsKcuTcU="></latexit>⌧
1

E

�
⌃0(X, t) +

1

h
R�1

✓
1

K
⌃0(X, t)

◆
= E0(X, t)

<latexit sha1_base64="DGUmY4QTHORIJcC4MrS4trGktzY="></latexit>

E0 = @U0/@Xwhere

local and non-linear stress-strain relation
<latexit sha1_base64="WjdFOMxdfmOxQY0Kda7o1/tK4YE="></latexit>

⌃0 = Ge↵(E0)

‣ Rewriting as a non-linear first-order system:
<latexit sha1_base64="OpubN9A42lAZILw+oklHA2WiEz0="></latexit>

@

@t
 0(X, t) +

@

@X

⇣
Ge↵

�
 0(X, t)

�⌘
= F(X, t) with  0 =

�
E0, V0

�>

- strictly hyperbolic system (owing to technical assumptions on    )

- characteristic speeds (possibly strain dependent)

<latexit sha1_base64="+KPsPgPMYEGVUEx0tDuGJCR8KVI="></latexit>

R
<latexit sha1_base64="g2KGk36XmSjDx/wfOG3AQaCKMSs="></latexit>

⌫±(E0) = ±

s
1

⇢e↵

@⌃0

@E0

1st-order approximation:
<latexit sha1_base64="PoozlMdKZ9+h96F+oWa7rRYdLzs="></latexit>

Uh(X, t) = U0(X, t) + hU1(X, t) + o(h)

‣ Zeroth-order field     :
<latexit sha1_base64="/QQeFMRhBvb/pX0zMvR2aNXg28A="></latexit>

U0
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Microstructured field approximation

- continuous in 
<latexit sha1_base64="Mg/yumz3kORfBGMRHgvH/vIU0uc="></latexit>

X

- solution of:

<latexit sha1_base64="siUYN1Faxi8Y6kIxqelGNHx+7mY="></latexit>

⇢e↵
@2U0

@t2
(X, t) =

@⌃0

@X
(X, t) + F (X, t)

<latexit sha1_base64="gcntKNH2iMk3UmtD8Wb8Q2lLlj8="></latexit>

⇢e↵ =

✓
h⇢i+ M

h

◆effective mass density
<latexit sha1_base64="7fRDdpXi7iM35wuzadeWsKcuTcU="></latexit>⌧
1

E

�
⌃0(X, t) +

1

h
R�1

✓
1

K
⌃0(X, t)

◆
= E0(X, t)

local and non-linear stress-strain relation
<latexit sha1_base64="WjdFOMxdfmOxQY0Kda7o1/tK4YE="></latexit>

⌃0 = Ge↵(E0)
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<latexit sha1_base64="a/n1dQg2dcZbuReoeWlTpIQwLkU="></latexit>

E0

<latexit sha1_base64="FqELH2HwjgKixzHnpYYQlD7Iw/c="></latexit> ⌃
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<latexit sha1_base64="a/n1dQg2dcZbuReoeWlTpIQwLkU="></latexit>

E0

<latexit sha1_base64="q/lOXq5xAYGTPNErNRLtDzwW35w="></latexit> ⌫ +
(m

/s
)

‣ Examples:

<latexit sha1_base64="Thb5t+VItM3XkftLHDDEijyJPOM="></latexit>

R(⇣) =
⇣

1 + ⇣/d

<latexit sha1_base64="YpeuSzorUxod7Z48tbCpwIKI4dE="></latexit>

R(⇣) = ⇣

1st-order approximation:
<latexit sha1_base64="PoozlMdKZ9+h96F+oWa7rRYdLzs="></latexit>

Uh(X, t) = U0(X, t) + hU1(X, t) + o(h)

‣ Zeroth-order field     :
<latexit sha1_base64="/QQeFMRhBvb/pX0zMvR2aNXg28A="></latexit>

U0
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Microstructured field approximation

<latexit sha1_base64="OpubN9A42lAZILw+oklHA2WiEz0="></latexit>

@

@t
 0(X, t) +

@

@X

⇣
Ge↵

�
 0(X, t)

�⌘
= F(X, t) with  0 =

�
E0, V0

�>

<latexit sha1_base64="R0euf2TPCqS7Xzdze7v1a/AzDF0="></latexit>

d

dt
Eh = 0

‣ Energy analysis: 

- recall               in microstructured medium

- here:

<latexit sha1_base64="mMXWOZV+kyUImOyxGFDIVLF6b1M="></latexit>

E0(t) =

Z

I

⇢
1

2
⇢e↵V

2
0 + Je↵

�
dX with Je↵(E0) =

Z E0

0
Ge↵(Ẽ0) dẼ0

1st-order approximation:
<latexit sha1_base64="PoozlMdKZ9+h96F+oWa7rRYdLzs="></latexit>

Uh(X, t) = U0(X, t) + hU1(X, t) + o(h)

‣ Zeroth-order field     :
<latexit sha1_base64="/QQeFMRhBvb/pX0zMvR2aNXg28A="></latexit>

U0
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Microstructured field approximation

<latexit sha1_base64="OpubN9A42lAZILw+oklHA2WiEz0="></latexit>

@

@t
 0(X, t) +

@

@X

⇣
Ge↵

�
 0(X, t)

�⌘
= F(X, t) with  0 =

�
E0, V0

�>

<latexit sha1_base64="R0euf2TPCqS7Xzdze7v1a/AzDF0="></latexit>

d

dt
Eh = 0

‣ Energy analysis: 

- recall               in microstructured medium

- here:

! formally analogous to so-called p-system in gas dynamics 

Lax, Dafermos, …

formation of shocks  
   in finite time

<latexit sha1_base64="7bP1m/d8UyGU0vGOm39AX8ENnFU="></latexit>

t?
<latexit sha1_base64="IG63Z063alKqkn3O+6zKYNX7G2o="></latexit>

d

dt
E0  0 for t � t?

<latexit sha1_base64="N9lWDosY+nVj9WcL3GyhH1KILVQ="></latexit>

⌃0 ⇠
E0!0

C`
e↵ E0 (1� � E0) + o(E2

0 )for linearized stress-strain relation

time-harmonic forcing at     and amplitude <latexit sha1_base64="NkLbaH8+FymCHTHlEQLDaR7mQAA="></latexit>!c
<latexit sha1_base64="/iSataxhlzsmUMuT/LI2db+z1sc="></latexit>

Emax

<latexit sha1_base64="nvLoAGmjnbGdEwrI4aegKsQISKI="></latexit>

t? / 1

Emax� !c

<latexit sha1_base64="2gmQR/WycA7Md4x8Mpb+7Zpn0WE="></latexit>)

<latexit sha1_base64="kIF97cOxUi+lqFlinmJn7yVovFk="></latexit>

Em
0 (t) =

1

2

Z

I

⇢
h⇢iV 2

0 +

⌧
1

E

�
⌃2

0

�
dX

<latexit sha1_base64="M8CKc/cwBQFJPx8Gsk8GXrg1LDc="></latexit>

Ei
0(t) =

1

h

Z

I

(
1

2
MV 2

0 +K

Z R�1(⌃0/K)

0
R(⇣) d⇣

)
dX

bulk energy

interface energy

<latexit sha1_base64="dgEY7JG9TkvwjQiA+xeH/YKwfoU="></latexit>

E0 =Em
0 +Ei

0

<latexit sha1_base64="qJfF41G7TJLxw8uIjmPMuYx620M="></latexit>

d

dt
E0 = 0                       such that, for sufficiently smooth fields, it holds               without source

1st-order approximation:
<latexit sha1_base64="PoozlMdKZ9+h96F+oWa7rRYdLzs="></latexit>

Uh(X, t) = U0(X, t) + hU1(X, t) + o(h)

‣ Zeroth-order field     :
<latexit sha1_base64="/QQeFMRhBvb/pX0zMvR2aNXg28A="></latexit>

U0
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Microstructured field approximation

‣ First-order field     (corrector):
<latexit sha1_base64="mR3S6c/JFVPQVJWSOIXUg0czND8="></latexit>

U1

- decomposed as
<latexit sha1_base64="f076+zXjo/HzU+sa3IrT5KUMhnQ="></latexit>

U1(X, t) = U1(X, t) + P
�
y, E0(X, t)

�
E0(X, t)

mean field cell-function

‣ Mean field: solution of linear and heterogeneous problem
<latexit sha1_base64="yB9qUM0JCsxHc44zQyNX0U7gYaI="></latexit>

⇢e↵
@2U1

@t2
(X, t) =

@⌃1

@X
(X, t)+S

�
U0(X, t)

�
with ⌃1(X, t) = G0

e↵

�
E0(X, t)

�@U1

@X
(X, t)

source term and stiffness (may) depend non-linearly on 
<latexit sha1_base64="21hyodd3jZjqfFfdKhL0KIowkL8="></latexit>

U0

h

X
<latexit sha1_base64="u+p+QPXLs4pUmvTZ1QylUKUOI3U="></latexit>

x
<latexit sha1_base64="JMjTbapIzv5VUme1AQe1zf8IkeI="></latexit>

y
<latexit sha1_base64="0yr2Enj2Kll/tAY/VmNuhMjfobA="></latexit>

1
<latexit sha1_base64="FxrxOlEuMH0AyaT50qWr94TcVm0="></latexit>

0
<latexit sha1_base64="cVss9qoHHeNJDPFyUikwfIyLm9w="></latexit>

0
<latexit sha1_base64="cVss9qoHHeNJDPFyUikwfIyLm9w="></latexit>

0
<latexit sha1_base64="cVss9qoHHeNJDPFyUikwfIyLm9w="></latexit>

<latexit sha1_base64="Av76YYPICxl9Gb4vBsrBOBcgudw="></latexit>

hk⇤ = ⌘‣ Cell-function:
<latexit sha1_base64="6+JVium7kF9zbt+44wA71nzPZf4="></latexit>

P
�
y, E0(X, t)

� <latexit sha1_base64="HPq23mdELE8D1rtAkG1B+ldk9yg="></latexit>

where y = (X � nh)/h for X 2
�
nh, (n+ 1)h

�

(possibly) non-linear fct of
<latexit sha1_base64="21hyodd3jZjqfFfdKhL0KIowkL8="></latexit>

U0

‣ Remarks:  - problem     is well-posed (owing to technical assumptions on    ) 

     - in the case of linear interfaces: 

   - rewriting of     as a linear and strictly hyperbolic system with charac. speeds

<latexit sha1_base64="+KPsPgPMYEGVUEx0tDuGJCR8KVI="></latexit>

R

<latexit sha1_base64="LPC/C/biulXpqUHU99I1QLA5hTc="></latexit>

⌫±(E0)

<latexit sha1_base64="SgYHLlUzyc+R1MZzXmnjkX7CdV0="></latexit>

G0
e↵

�
E0(X, t)

�
= C`

e↵ ; S
�
U0(X, t)

�
= 0 ; P ⌘ P(y)

1st-order approximation:
<latexit sha1_base64="PoozlMdKZ9+h96F+oWa7rRYdLzs="></latexit>

Uh(X, t) = U0(X, t) + hU1(X, t) + o(h)
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Numerical results: 
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<latexit sha1_base64="I4tAikBJIjXSmzipwgCVg/2tGuk="></latexit>

Vh

‣ Excitation:

<latexit sha1_base64="HV0qb2FgSepI4a2jlQfY7osENG8="></latexit>

⌘ = 0.26

<latexit sha1_base64="Afq2GYayHJavHGIvRt5gbSM17GU="></latexit>(
fc = 10Hz

A = 0.1

Objectives: comparisons of full-field simulations (velocity-based) 

   with homogenized solutions, i.e.     and  
<latexit sha1_base64="mJ548ixtNcRdTVmD+wcRYQD/H6A="></latexit>

V0

<latexit sha1_base64="wSy1x2JgAl1VyauXxMjVBZcKy7w="></latexit>

Vh
<latexit sha1_base64="IeYgNmbszvf8oP+OdWZg/+y8DXo="></latexit>

V (1)(X, t) = V0(X, t) + hV1(X, t)

h

X
<latexit sha1_base64="u+p+QPXLs4pUmvTZ1QylUKUOI3U="></latexit>

x
<latexit sha1_base64="JMjTbapIzv5VUme1AQe1zf8IkeI="></latexit>

y
<latexit sha1_base64="0yr2Enj2Kll/tAY/VmNuhMjfobA="></latexit>

1
<latexit sha1_base64="FxrxOlEuMH0AyaT50qWr94TcVm0="></latexit>

0
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0
<latexit sha1_base64="cVss9qoHHeNJDPFyUikwfIyLm9w="></latexit>

0
<latexit sha1_base64="cVss9qoHHeNJDPFyUikwfIyLm9w="></latexit>

<latexit sha1_base64="Av76YYPICxl9Gb4vBsrBOBcgudw="></latexit>

hk⇤ = ⌘

<latexit sha1_base64="TPrtM6i0v0FWllYKQcNy9bMr2uU="></latexit>

M = 0
<latexit sha1_base64="ccyfkkoNCPhDThGUmPHgj7HHwZs="></latexit>

R(⇣) =
⇣

1 + ⇣/d

<latexit sha1_base64="4Yg3DeHAXzRnR4Iphyx2Ant0qTs="></latexit>

{

‣ Medium:
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Numerical results: agreements

‣ Excitation:
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<latexit sha1_base64="sX4AbU60QXVuGrgXnh/MzViKjX8="></latexit>(
fc = 10Hz

A = 40

Objectives: comparisons of full-field simulations (velocity-based) 

   with homogenized solutions, i.e.     and  
<latexit sha1_base64="mJ548ixtNcRdTVmD+wcRYQD/H6A="></latexit>

V0

<latexit sha1_base64="wSy1x2JgAl1VyauXxMjVBZcKy7w="></latexit>

Vh
<latexit sha1_base64="IeYgNmbszvf8oP+OdWZg/+y8DXo="></latexit>

V (1)(X, t) = V0(X, t) + hV1(X, t)

h

X
<latexit sha1_base64="u+p+QPXLs4pUmvTZ1QylUKUOI3U="></latexit>

x
<latexit sha1_base64="JMjTbapIzv5VUme1AQe1zf8IkeI="></latexit>

y
<latexit sha1_base64="0yr2Enj2Kll/tAY/VmNuhMjfobA="></latexit>

1
<latexit sha1_base64="FxrxOlEuMH0AyaT50qWr94TcVm0="></latexit>

0
<latexit sha1_base64="cVss9qoHHeNJDPFyUikwfIyLm9w="></latexit>

0
<latexit sha1_base64="cVss9qoHHeNJDPFyUikwfIyLm9w="></latexit>

0
<latexit sha1_base64="cVss9qoHHeNJDPFyUikwfIyLm9w="></latexit>

<latexit sha1_base64="Av76YYPICxl9Gb4vBsrBOBcgudw="></latexit>

hk⇤ = ⌘

<latexit sha1_base64="TPrtM6i0v0FWllYKQcNy9bMr2uU="></latexit>

M = 0
<latexit sha1_base64="ccyfkkoNCPhDThGUmPHgj7HHwZs="></latexit>

R(⇣) =
⇣

1 + ⇣/d

<latexit sha1_base64="4Yg3DeHAXzRnR4Iphyx2Ant0qTs="></latexit>

{

‣ Medium:
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Numerical results: … and limitations

‣ Excitation:
<latexit sha1_base64="nLq+tNnSVIalO7uxPtwlHNqTusM="></latexit>
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A = 60
<latexit sha1_base64="vS7+MLlsLxjILC7da8xRih7qBEM="></latexit>

A = 120

‣ Excitation:

Objectives: comparisons of full-field simulations (velocity-based) 

   with homogenized solutions, i.e.     and  
<latexit sha1_base64="mJ548ixtNcRdTVmD+wcRYQD/H6A="></latexit>

V0

<latexit sha1_base64="wSy1x2JgAl1VyauXxMjVBZcKy7w="></latexit>

Vh
<latexit sha1_base64="IeYgNmbszvf8oP+OdWZg/+y8DXo="></latexit>

V (1)(X, t) = V0(X, t) + hV1(X, t)
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Numerical results: formation of shocks

‣ What happens  
if shocks occur?
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Objectives: comparisons of full-field simulations (velocity-based) 

   with homogenized solutions, i.e.     and  
<latexit sha1_base64="mJ548ixtNcRdTVmD+wcRYQD/H6A="></latexit>
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‣ What happens  
if shocks occur?
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Conclusion

1. Dispersion, high-order homogenization  
and design of microstructures

2. Homogenization with internal resonances

3. Dynamical homogenization with non-linearities 
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Microstructured interface problem
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- 2D scalar waves (e.g. anti-plane elasticity):

- behavior in the time-domain
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Perspectives: - metamaterial design (internal resonances, micro-architectures, transformation, …) 

    - high-frequency homogenization 

    - time-modulated materials 

    - topological optimization in resonant case
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