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Waves in microstructured media

Homogenization

mass density, elastic moduli Peff (w), L.g (w)

2
- Examples: 1D, scalar wave (random or periodic)  p(z) %(az,t) = 83 (,u(x) ?(az,t))
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Waves in microstructured media

Homogenization

p(x), L(x) mass density, elastic moduli Pett (W), Leg (W)

Questions:
» Knowing p(x), L(x) : computation (analytically or numerically) of pes, Leg?
- periodic homogenization, FFT-based computations
- higher-order homogenization (asymptotic expansions)
» Computation of dispersion relation characterizing the microstructure
» Given effective constitutive relations peft(w), Leg(w): simulation of wave propagations?

» For objective peft, Lesr: computation of optimal p(x), L(x)?



Macroscopic behavior

» Leading-order approximation: | u = ug + O(n): with 7= 1< 1

Starting equation (full-field): Homogenized equation (periodic):

0%u 0 ou < 0% ug 0% uyg
p(o) Gz (010) = 5 (le) Gt ) 2 (2,) = o 20 1

G
------------------------------------------

| 1\~
with  per = (p) and Meff:<;>

0.8+ ] 0.8 |

. 067

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

using suitable hypotheses (ergodicity)
> Possible higher-order approximation, e.g. u = ug + nuq + 0(772)

|\ Boundary conditions and localized sources require extra care and analysis!



Motivations

» Insight to essential phenomena and key parameters

~ Efficient simulations: wave modeling (1)

(b)

1 2

Vs (km/s) classical mesh

% Y. Capdeville, J.J. Marigo simple mesh ~ wave modeling (2)

> Manipulate waves: materials structured in bulk or surface 3 Rayleigh waves (RW)

Seismic Barrier % Surface
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Microstructured media

A _— . . .
By Willis, Sanchez-Palencia, Bensoussan-Lions-Papanicolaou, ...

-------------------------

------------------------

Surface

14 .
Pon = X <1 with X reference wavelength
A

.
............................................................................................................

Recent references: % Boutin, Craster, Guenneau, Marigo, Maurel, Pham, ...

» Different material configurations:
- Weak contrast : p(x), L(x) independent of 7 —— non-resonant case

- Strong contrast : p(x), L(x) depend on 71 —— resonant case
Lincl

matrix

for example
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1. Dispersion, high-order homogenization and design of microstructures

2. Homogenization with internal resonances

3. Dynamical homogenization with non-linearities (at interfaces)
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Dynamical homogenization

> Scalar waves in time-harmonic regime: Unit cell Y
div (u (%) Vw(w)) +p (%) wup(x) =0 O ~
C = (p, 1t): Y-periodic constitutive parameters y (k. p) 5 -—-"""_5_;_6_T_C_>_i_5_
(shear modulus, mass density) 1 I : I

E S WO T
eI ©:10:0.:0
> Long-wavelength regime 7/ < X : |

two-scale asymptotic expansion of the solution

w(x) = U(x) + (P, (%) VU (z) + 2P, (%) V20U (z) + . ..
macroscopic field oscillatory correctors ( (1) <P> _ P periodic on 3y

with cell functions P; i ] . :

\_i;< (i)  S(y) =uy) [E(y) +VPy), :

% Bensoussan et al., Sanchez-Palencia, Auriault, Boutin, Andrianov, Guzina, ... \(iii) divS(y) + f(y) = 0,
: with prestrain E and body force f i

-------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------------------------------------

--------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

Effective parameters: c‘j;g“ = (00, Mo, @2, M2)

---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------



Effective properties and topological optimization

~ Effective dispersive effects: plane wave solution U(z) = ¢!*9®=«) — dispersion relation D(w,k,8) =0

> Phase velocity for the effective model at wavenumber k£ and direction 6 :

def wW(k, 0) 1.d() . 5 2 - 0
c(k,0) k co(0) + > 00(9)(\j + o((k£)?) with k¢ 3 <1
R o Sym
co(e):\/@;w@e) () = [92 o 90“2] (02020 0)
00 9
low-frequency limit velocity second-order dispersion term

> Topological optimization problem:

- N . A
argmin F (C " (C); 0)
C = (p7h/ :

using CS{E’EH = (00, Mo, 02, 2)

Question

How to design the microstructure so that
it achieves target effective properties 7

% Allaire, Bendsge, Sigmund, Yamada, Amstutz, ...

Y Tka
> Dependencies: C = (p, —> cell fct — 5 ¢cYn 5 macroobs. 5 ost fct F
P (IO Iu) (P17P27P3> off (CO(9>7d(9>)
1 1
. ' : dyn It pv) — = —\2
Example of cost functional:  F(C3"(C); {67,607 }) 5 (d(é’ )+ d(9+)2)

> Possible constraints or parametrization (p, u)



Topological derivative

> Gradient-based approach:
Topological perturbation of unit cell
Unit cell Y Inclusion
(s 1) o o _f Bu.(z) =z+aB

l

---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

> In the case of effective model F = F(CX"(p, ) ; 6) use chain rule:

OF OF oOF OF .
DF = —Doy+ — :Dug+ — : Do+ —— :: Do E Bonnet, Cornaggia, Guzina
900 Ao 002 Otz
> Computation of topological derivatives computation of 12 scalar

S(y) = w(y) [E(y) + Vx(y)],

{<X> =0, X periodic on 0Y,
divS(y) + f(y) = 0

of effective parameters (Do, Dpo, Do, Dpy) — Static cell problems

Numerical strategies —>  Finite elements methods, FF T-based methods, ...

% Moulinec, Suquet, ...
10



Material updating

> Example of cost functional: ]—"(CS%E“(C); {9*,9_}) — % (d(@‘)2 4+ #)

minimize / maximize

» Two-phase unit cell Y =Y, UY; dispersion at 0 dispersion at /2

------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

— Pixel-by-pixel algo: while (II}l/iIlD.F—I—HSl/inD]:) < 0 swap phases at extremal pixels
i 1 2

Unit Cell, it. 120 10 Unit Cell, it.

i Unit Cell, it. 1 i Unit Cell, it. 2 i Unit Cell, it. 3 .
..................................................... N N N N
Level set algo: e
¢(2> > 0 in Yl 0.2 0.2 0.2 0.2
E O . Y 0.0 0.00.0 0.5 1-0 0.0 O.OO-O 0-5 1-0 0.0 0.00.0 0-5 1-0 0.0
: 2) < S . K . . E . . R .
o ¥(2) 2 DF,it. 1 DF, it. 2  DFit3
. ' 0.03 b 0.03
computed from DF i
1 E 0.01 0.01
E - iy : 0.00 0.00
E Amstutz, Andra S o
e reteeeeavereeerevereeereerererererrarererernarad —0.02 —-0.02
—-0.03 -0.03
—0:05 0.0 :0:05
0.0 0.5 1.0

% R. Cornaggia, CB, 2020



Optimization and inversion results

2 4
C . . . . . 1 1
> Optimization of dispersion w.r.t. multiple directions: F = = Zd(@f)2 + Y
2\ “4 J — d(67)?
7=1 71=3 J
minimize/ \maximize
dispersion at £ /4 dispersion at 0,7 /2
Unit Cell, it. 0 Unit Cell, it.2  UnitCell, it. 15 3 x 3 unit cells
e -7 . . .

0.02
0.01
0.00
.0 [)'5 1

—-0.01 0.0

0 0

generated microstructure

~ Inversion: reconstruction of microstructure from dynamical meas.: 7 =) |ce(k, ) — Cops (K, 0)|”

k,0 Lo i} 3 x 3 unit cells
0.000 A ; s

1.550 s -

Objective: chessboard o

' 2 % -o01
synthetic data cons(k, @) generated  Bisw, oo
| 2 2—0.015-
by Floquet-Bloch analysis g §
153070 Target o —— Target
13550 it R _
Identlflcatlon from CompOS|te response ° > Wavelr'wtzjmberll%5 “0 o0 o Wavelrln(t)meerll%5 =0 o o2 10

see Robin Valmalette poster!

12



2. Homogenization with internal resonances

13



Microstructured interface problem

» Context :

e Cresonant case) »

C Interface pb )

k L

E Delourme, Marigo, Maurel, Pham, ... effective jump ]
- 2D scalar waves (e.g. anti-plane elasticity): gomeliEien

(031,

= - pn(X)VVy
. . pi ~ pm and i ~ 07 pm
h
kIOh(X)W =V -3

- behavior In the time-domain

L8




Time-domain homogenization

» Context :

C Interface pb )

e Cresonant case) »

% Delourme, Marigo, Maurel, Pham, ... Ceffect/vejumpj
- 2D scalar waves (e.g. anti-plane elasticity): conditions
(0,
T pr(X)VVy,
< v, pi X pm and p; & 07 pm
X)— =V X
k/Oh( ) Ot h
- asymptotic expansion of the solution : V = Vy + hV71,2 = 3o + hX
==p cffective jump conditions (freq.) % M. Touboul, PhD 2021
[[Vﬂa —B. <V‘7>a - homogenization in the time-domain
[$1]a = C : (Va4 hD(w){div Z(w)da non-local terms: h Dk {(div )4
X 0 w2 - development of simulation tools
with D(w) = ag — > o L .
= w? — w2 - optimization of microstructures (non-resonant case)

with R. Cornaggia 5



Effective model

» Context :

C Interface pb )

e Cresonant case) »

| S | | | effect/ve Jump
- homogenized model (approx. 1st order) : conservation eq. + jump cond. C conditions j
(o0 T
=V ([V]e = B-(VV)q
ot
< (1] _S<621> + C - (V32)4 + hD%x;<(div =)
aav_v'g \“ e aXl ! e t v !
t

B M. Touboul, PhD 2021 16



Resonant effective models

» Context :

(' Bulk pb )

([ Ov R Q%
PaE‘l'VP:Pag; pa s PW)=pa 1_w2—w2 ’
X with P
0 , _ 2
lﬁigl—p—I—dIV'U:/-s;alf7 li_l « /%_1((,«)):/{_1 1 — QHL . .
\ ot a ¢ w? —w?2 —iyw

- Augmented formulation
(introduction of auxiliary fields)

[
[\
L

—_
1

- Hyperbolic syst. of order 1

y (m)
(=]

y (m)
o

y (m)
(=}

- Well-posedness in time
- Dispersive properties of media

|
—_
|

- Standard numerical schemes

[
|
[\S)
h

By CB, B. Lombard S e S

Initial time Classical acoustics Metamaterial



Handling resonant effective models

> Non-local (in time) effective constitutive relations (v,p) = (velocity, pressure)

internal resonances [ Ov
v Vp=p.9,

/ﬁl_l*@—l—diV’U:H;lfat

\ ot

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

— w2
Define auxiliary field w(w) — ! b(w) 0v
y w 2 — w2 ) VY sothat: p*x — +
p ot
F( Ovu(t)
ted f lation a a
augmented formula !on P BT, P p ot
overall energy conservation | |
: 2
frequency dependence transferred to auxiliary field : 0 (;”Q(t) wgfw(t) — v(t) linear ODE
: o\ t

% Tip, Gralak N teenmessserereessssssereresssssssereresssssseeeeressssssseeeresssssssseesrresssssseerrreesst :



3. Dynamical homogenization with non-linearities (at interfaces)

19



Imperfect interfaces

ceecag
elelalele]@;
slelalalala;
\ slelalelela
elelalelela

acoaaa

-
-
-
-
-
-
-
-
-
—
-

~~
~
~
~
~ '
~ '
~
~ '
~~
~

(Effective behav/op
In long-wavelength
limit 7

Imperfect interfaces

. _J

- Jump conditions to model imperfect transmission conditions between matrix and inclusions

oU

Rational approach [Ula = Bi{Z - n)q + BQ<aX2 Ya
through homogenization < 5
of thin interphases [X-nlq, = S<a U> + C - < o> >
k : otz ¢ 0Xo "

- Limit behavior: B, = C =0 — spring-mass jump conditions

fK'[[U]]X —

A

together with phenomenological models

(E-mn)x

o*U
X -n]y =M
Ot2
\ X

% Jones, Lebon, Licht, Rizzoni, Sevostianov, Tattersall, Whittier,...

displacement

K : stiffness

M : mass

20



Microstructured problem

» 1D array of non-linear imperfect interfaces Py £
R
A 0 +
( - wave equation: - Interface conditions:
0*Up, 02y, ( 02U,
< pn(X) (X, 1) = SR (X 1) + F(X 1) < M<< - ("t)>>x 2Ol
- linear stress-strain relation: (Zh(t))x = KR ([[Uh(',t)]]x )
aUh n n
\ Zn(X,t) = En(X) o<~ X (X, 1) M, K : interface mass and stiffness
. _ 1 _
-+ jump and mean operators:  [g]x = g(X) —g(X;) and (g)x, =3 (9(X7)+9(Xy))
( 1 [
( ~
» Setting of interest: 1 - long-wavelength regime h << \ 2 M/h h /o pndX

4 from { 1 h -1
- non-linear interface behavior R observations | g7, ~ ( / E! dX)
\ 0

------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
S 3

. .
------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------



Constitutive interface law

» Constitutive assumptions:

1) M>0and K >0

2) R:(—d,+00) — R smooth
maximum compressibility length: d € R, U {400}
technical assumptions: R(0) =0, R’ >0

R"<0orR"=0

» Phenomenological models

» Achenbach, Norris, Bandis,

- Interface conditions:

M G e0) =l

N\

n

(Za (0 x, = KR ([Un( 0]y, )

M, K : interface mass and stiffness

—— nonlinear

—— linear

Sevostianov, Broda, ... B4
0 f
» Examples: 5
_2E-4 E
model degenerates to < g
o R :
- perfect transmission cond. ~4E~41 di
- linear law Py 5
- unilateral contact
—8E—4
—1ﬁ—4 —sﬁ—s

0

¢

SE-5 1E-4 1.5E-4 2E4

R(¢)

¢
14+ (/d

~TR(¢) = ( linear (spring-like)

hyperbolic

22



Microstructure behavior

» For a single interface:
. . . . A
- existence and uniqueness of a solution to elastodyn. equations E Junca, Lombard
- generation of harmonics

- amplitude of harmonics increases with source amplitude and non-monotonic behavior w.r.t. freq.

------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
* -

> Energy analysis in array: &), = &;" + %h such that —%h — () without source

bulk mech. energy/ N’c\erface energ
R((=0 (0 1 /K)

&' (t) = 2 /I {Ph(X)Vh(X,t)2 + Eth) Sn(X,t)? { MV 1)) 5 + K " RO dC}

-----------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

-----------------------------------------------------------

------------------------------------------------------------

----------------------------------------------

--------------------------------------------

23



-
.
>
(qv]
-
U
0O
(D)
Nl
-
e
O
-
N
e
n
@)
Nl
O

» For a single interface:

Junca, Lombard

%

- existence and uniqueness of a solution to elastodyn. equations

- generation of harmonics

monotonic behavior w.r.t. freq.

- amplitude of harmonics increases with source amplitude and non

-----------------------------------------

wavefront
sharpening

0 without source
2
X

d

Bl S

de "
1
2

interface energy
(X0 bax zﬁa>§j{

&' such that

&'

I I S D

- x® v & ad
S o o J

&y =
bulk mech. energy/
1
)Y
Bn(X) ™"

» Energy analysis in array:
1
0= [ {mmee +
1

----------------------------------------

80 (
\
1000

S RO EATEAT " A g
== non-linear ; A

.

800

700

---------------

24

900

600

500
X

400

300

200

100



Two-scale analysis

» Non-dimensionalization of governing equations: (X,t) — (z,7)

- wave equation: « <

- Interface conditions:

n <1

!

: h
- smooth interface law: Taylor exp. R (—

- 1D magic: direct integration possible and <

X

\

)

L TN h/zn avec k= 2;
, = X = fv

82un 9, r\ Ouy

(‘97-2 (CU,T) % (5 (;) %(Qf,T)> + f(va) | ‘

“““ “uncover all .
( 0%u ou contributions
mi{GEen) =paeen] S "
Ouy, VA h

(p52en) =7 (Gen,)

-------------------------------------------------------------------------------------------------------------------------------------------------------------------

--------------------------------------------------------------------------------------------------------------------------------------------------------------------

U

25



Microstructured field approximation

- continuous In X

ution of: pug 22 (X, t) = %0 —(X,t) + F(X,1)
- solu IOﬂ‘O/.,Oeff 572 : 8X\
effective mass density local and non-linear stress-strain relation >y = G.5(&))
M 1 1 4(1
Peft = (<P>+7) <E>EO(X’t)+ER (?EO(XJO = &(X, 1)

where & = 0Uy/0X
» Remarks:

- in the case of linear interfaces, i.e. R({) = ¢

| 1 1\
Ger(&) =Cn & with Clg = (<E> + ﬂ)

- In the case of perfect interfaces, i.e. K — 400, M — 0

pesi ~ (p) and Cly~ (1/E)™"

26



Microstructured field approximation

- continuous In X

ution of: pug 22 (X, t) = %0 —(X,t) + F(X,1)
- solu IOﬂ‘O/.,Oeff 572 : 8X\
effective mass density local and non-linear stress-strain relation >y = G.g(&))
M 1 1 4(1
Peft = (<P>+7> <E>EO(X’t)+ER (?EO(XJO = &(X, 1)

where & = 0Uy/0X

» Rewriting as a non-linear first-order system:

0 0

o (Geﬁ(qfo(x, t))) —F(X,t) with o= (&,Vo) '

- strictly hyperbolic system (owing to technical assumptions on R )

1 0%
Peft 850

- characteristic speeds (possibly strain dependent) v (&) = i\/

27



Microstructured field approximation

- continuous In X

2
O o x,p) = &2

- solution of:  pefr —(X,t) + F(X,1)

/ Ot? 0X \
effective mass density local and non-linear stress-strain relation >y = G.g(&))
M 1 1 1
— — VYo X, )+ R =20(X,t) | =& (X, t
= (10 + ) (5)Eox.0)+ R (L2alX,0)) = &(X.0
1E6
» Examples: 2500
@ N 2000+
R(¢) =¢ 3 Q
C é 1500
—— nonlinear ;+ —— nonlinear
R(C) — 1 T C/d ~1E67 —— linear - 1000- — linear
500
—2E6-‘ : : - 0 , :
—2E-4 —1E-4 0 1E-4 2E-4 —-2E-4 -1E-4 0 1E—4 2E-4



Microstructured field approximation

> Energy analysis:

0
—WUo(X, 1) + —

0X

(Genr(Wo(X. 1)) =F(X.t) with Wy = (£,V5)"

d L .
- recall Egh = (0 In microstructured medium

- here: &y(t) :/1{1

2

Eo

Peit Vi + jeff} dX with Jea(&) = Gerr(£0) &y

0

29



Microstructured field approximation

* SU(X 1)+ o (Can(Uo(X.1)) = F(X.0) with W = (£,V)

> Energy analysis:

d L .
- recall E%h = (0 In microstructured medium
: . d .

- here: &y, =& + &, such that, for , 1t holds E%O = (0 without source

bulk energy & (t) = 1/ {(p) Vi + <i> Zg} dX

2/, E
' _ 1 1 R~ (Z0/K)
interface energy &(t) = ﬁ/ iMV02 + K/ R(¢)d¢ pdX
1 0

! %k formally analogous to so-called p-system in gas dynamics —»

t*
% Lax, Dafermos, ... E%O S e g
dt ~ — -
\, for linearized stress-strain relation £g ~ Cl:& (1 — v &) + o(E2) grr————
£0=0 = " :
time-harmonic forcing at w. and amplitude &pax EmaxY We

---------------------------------------



Microstructured field approximation

- decomposed as Uy (X,t) = U (X, 1) + P(y, Eo(X, 1)) (X, 1)

/ N

mean field cell-function

v

Mean field: solution of linear and heterogeneous problem

8;Z1(X’t)—a_il(X,t)JrS(UO(X,t)) with 3;(X,t) = éﬁ(go(x,t))a_g(l()(jt)

- 0X \ / 0

source term and stiffness (may) depend non-linearly on Uy

M Peft

v

Cell-function: P(y, & (X,t)) where y= (X —nh)/h for X € (nh,(n+1)h)

\ i A

(possibly) non-linear fct of Uy X

v

Remarks: - problem sk is well-posed (owing to technical assumptions on R )

- in the case of linear interfaces: G/t (E0(X,t)) = Cl 5 S(Un(X, 1)) =0; P =P(y)

c

- rewriting of s as a linear and strictly hyperbolic system with charac. speeds vy (&)
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Numerical results:

mmd Objectives: comparisons of full-field simulations (velocity-based) V3,
with homogenized solutions, i.e. Vp and V(X ¢) = Vi(X, t) + hVA(X, 1)
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Numerical results: agreements

mmd Objectives: comparisons of full-field simulations (velocity-based) V3,

with homogenized solutions, i.e. Vp and V(X ¢) = Vi(X, t) + hVA(X, 1)
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Numerical results: ... and limitations

mmd Objectives: comparisons of full-field simulations (velocity-based) V3,
with homogenized solutions, i.e. Vp and V(X ¢) = Vi(X, t) + hVA(X, 1)
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Numerical results: formation of shocks

mmd Objectives: comparisons of full-field simulations (velocity-based) V3,

with homogenized solutions, i.e. Vp and V(X ¢) = Vi(X, t) + hVA(X, 1)
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Numerical results: formation of shocks

mmd Objectives: comparisons of full-field simulations (velocity-based) V3,

with homogenized solutions, i.e. Vp and V(X ¢) = Vi(X, t) + hVA(X, 1)

--------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
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Numerical results: formation of shocks

schock

spectra
before the shock

------------------

-------------------

spectra
after the shock

-----------------
o .
.
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Conclusion

1. Dispersion, high-order homogenization
and design of microstructures

(harmonic regime)

2. Homogenization with internal resonances

3. Dynamical homogenization with non-linearities

Perspectives:

(time-domain)

2E-24

(time-domain)

—2E-2

4E-2-

T I

—2E-2+

—4E-2

- metamaterial design (internal resonances,
- high-frequency homogenization
- time-modulated materials

- topological optimization in resonant case

T T T
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T
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micro-architectures, transformation, ...

T
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