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1.2.2. Orthopedic implants as a treatment for major injuries  

Bone remodeling helps the treatment of minor traumas on the bones. Nevertheless, there is 

a critical size of an injury from which the self-healing ability of the bone cannot succeed 

anymore. Then, human intervention is necessary for the complete healing of the injuries 

employing orthopedic implants and medical devices [9]. Orthopedic implants are specific 

medical devices that replace a whole or a part of the damaged bone while mimics their structure, 

density, mechanical properties, and function as much as possible. For a successful implant 

operation, both biological and mechanical requirements should be satisfied [10]. Orthopedic 

implant surgeries are a very common treatment for various severe orthopedic injuries and 

arthritis. After a successful operation, patients’ pain is relieved and they can retrieve their 

physical activities and improve their quality of life [3]. In Figure 1.3., examples of a hip and a 

knee implant are presented. 

 

   

Figure 1.3. Example of hip and knee orthopedic implants [11]. 

 

Over the past decades, the amount of patients in need of implant surgery is increasing due 

to the improvement of technology and thus the quality of medical examinations. The increased 

quality of the examinations allows physicians to detect any symptoms of severe diseases that 

necessitate the use of implants as a treatment in an earlier stage of a patient’s life than before. 

Therefore, the mean age of the patients in need of an implant is decreasing and there is a high 

demand for orthopedic implants that allow them to continue their physical activities and normal 

living conditions to a high degree [12]. Therefore, any possible postoperative biomechanical 

[1 ]‘https://www.coastlineortho.com/joint-replacement-
surgery-coastline-orthopaedic-associates.html’
[2] M. Fischer, PhD Thesis, Universite de Lorraine, 2017
[3] C. Chatzigeorgiou, PhD Thesis, ENSAM, 2017
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Figure 1.4. The effect of stress shielding on the peri-implant bone for a hip replacement after 1 

month, 3 years, 5 years, and 11 years postoperatively. Densification of the bone is observed 

around the lower part of the implant while bone mass reduction occurs around the higher part 

of the stem [6]. 

 

1.3.2. Correlation between biomaterials for implants and stress shielding  

The orthopedic implants are generally stiffer than the natural human bone because of the 

high-stiffness of their constitutive metals and alloys. Generally, they are made of various 

biocompatible metals and alloys; such as titanium alloys, stainless steel, and cobalt alloys. 

Among all these materials, titanium and its alloys are the most utilized because they combine 

great biocompatibility, high corrosion, fatigue resistance, and a relatively lower Young’s 

modulus compared to the other biocompatible materials [9], [16]–[18].  

Ti-6Al-4V is the most utilized titanium alloy in the biomechanical field with various 

applications in medical implants, in aerospace industry etc. However, it exhibits an approximate 

maximum apparent elastic modulus of 110 𝐺𝑃𝑎, much lower and relatively closer to the levels 

of the bone than the elastic modulus of stainless steel, which is around 200 𝐺𝑃𝑎  [6], [9], [19]–

[21]. Even though  Ti-6Al-4V-based implants present a relatively low apparent elastic modulus, 

they are still significantly stiffer than the surrounding host bone, which has a maximum elastic 

modulus of 30 𝐺𝑃𝑎. Consequently, the stress shielding effect is unavoidable and its reduction 

The effect of stress shielding 
on the peri-implant bone [2]

Young modulus of implant >> Young modulus of Cortical bone
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sheet, are highly sensitive to the changes of the volume fraction. On the contrary, Neovius sheet 

and IWP sheet topologies exhibit a quasi-constant Poisson’s ratio.  

By using the results above and by applying the mechanical properties of a commonly used 

titanium alloy for biomechanical applications, i.e. Ti-6Al-4V, to the normalized values, the 

apparent elastic modulus, and the density of the unit cells are being computed numerically in 

Abaqus [43]. Then, the computed values are placed on an Ashby chart (pink bubble) with other 

materials as references. In Figure 2.10. the Ashby chart with the TPMS-based lattices with Ti-

6Al-4V properties and the cortical bone values range is presented. By performing this, one could 

get a visual comparison of the Young’s modulus and density of the TPMS-based unit cells to 

other materials’ properties. Moreover, the target to be reached, i.e. to mimic the cortical bone 

values by using lattices, is presented in bright yellow color on the chart.  

 

 

Figure 2.10. An Ashby chart with the Young’s modulus and density of the studied topologies 

by applying the mechanical properties of Ti-6Al-4V in Abaqus (pink bubble) and the target to 

be reached, the cortical bone (yellow bubble). 

 

Hard to find replacement materials! [3][1]



3

Context : A need for better mechanical 
compatibility

 

14 

 

contrary, lattice structures exhibit a strictly constructed and defined topology and they can also 

be referred to as architectured materials. Their topology is periodic and it involves several 

repeating unit cells at a row throughout all three directions. For the lattice structures, the notion 

of a unit cell is highly important. Thus, it is useful to introduce it first. A unit cell is the smallest 

part of a lattice that represents all the morphological details, as well as the overall behaviour. It 

can be repeated periodically to create a complete lattice [30], [31]. 

As has already been mentioned above, architectured materials can offer an opportunity to 

overcome any material-dependent limitations and to adjust their apparent elastic properties by 

adapting their topology. Architectured materials can be employed in various mechanical and 

biomechanical applications such as scaffolds for tissue engineering [32]. For instance, in Figure 

1.5., two different hip implants are presented, a compact hip implant and an architectured one 

to help the reader visualize and compare the structural difference between the two. 

 

 

Figure 1.5. Two examples of a fabricated hip implant with a different internal structure. A 

compact hip implant (left) [33] and an architectured hip implant (right) [34]. 

 

The first step in designing a lattice structure is the particular emphasis on the topological 

aspect of its architecture. It draws our attention that the particular topology of a lattice impacts 

in a high degree its apparent mechanical properties. This can be viewed as a great opportunity 

to tune locally these mechanical properties in order to mimic the mechanical response of a bone 

to be replaced [9], [35]. Moreover, the relative density of the lattices, or the so-called volume 

fraction, plays an important role in the control of their apparent mechanical properties [36]. 
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Figure 1.14. Metallic SLM-fabricated implants and medical devices: a) craniofacial implant, b) 

dental implant, c) spinal implant, d) surgical guides, e) hip implant, and f) interbody fusion 

cages [70]. 

 

1.6. Conclusions 

In the present chapter, details about the stress shielding and the related biomechanical 

problems are given. The design of the lattice structures and the possible solution they offer as 

part of orthopaedic implants to biomechanical problems are discussed as well. The lattices are 

divided into two categories: the strut-based and the TPMS-based (surface-based) lattices. The 

TPMS-based lattices are then divided into two categories as well, i.e. the sheet and the skeletal 

ones according to the design process. All the above-mentioned are described in detail in the 

current chapter. To summarize everything in few words, the following conclusions have been 

reached.  

 The stress-shielding-related problems can be solved by using lattices as the internal 

parts of orthopaedic implants and thus, the apparent elastic modulus of the implant 

can be lowered and the mechanical properties can be controlled. 

Use of architectured material can improve biocompatibility 

I. Buj-Corral et al. 2020

Pint.fr

Y. He, et al. 2018
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Fig. 3. (a) The resected femur neck with a cavity of the size of the implant stem, (b) the position of the short stem implant, (c) the Metha prosthesis (Aesculap, Tuttlingen, 
Germany) with its porous stem surface in red color, (d) the collarSS n %, with its different surface areas, n = { 0 , 17 , 29 , 57 , 100 } that are covered with a porous layer. (For 
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) 
angular variations during one loading step. A detailed description 
of a hip joint prosthesis that enables in vivo measurements is re- 
ported elsewhere [25] . 

Conditions of perfect bonding/sticking friction are chosen for 
the porous implant surface with bone. This modeling applies to 
the collar-plate and to the porous stem surface. The assumption of 
sticking friction is based on both a press-fit along with a large co- 
efficient of friction (cof) right after THA, and on effective osseoin- 
tegration on a larger timescale. 

For the stem parts without surface porosity, two different cases 
are considered; frictionless contact, hence cof = 0 . 0 and cof = 0 . 25 . 
In the clearly unrealistic frictionless case of Fig. 1 (c) stem and 
bone merely interact by normal force which is the counterpart to 
the purely shear-mediated force transfer of the standard stem in 
Fig. 1 with its –similarly unrealistic– assumption of sticking fric- 
tion everywhere. A cof = 0 . 25 for the latter case is very likely to set 
an upper bound of friction for a Ti-alloy protected by a low-friction 
Diamond-Like Corbon (DLC) thin film, for details see Section 4 . 

Notice, that there are considerable uncertainties concerning the 
frictional contact conditions and the intensity of press-fit [26,27] . 
In this context, the definition of a common protocol or benchmark 
setting is still a shared but hardly fulfilled need of the modeling 
and simulation community. 
2.2.4. Measures in the numerical analysis 

The strain energy density (SED) is defined by means of the 
scalar-product of work-conjugate pairs of stress and strain tensors, 
here the Second Piola–Kirchhoff stress tensor S and the Green–
Lagrange strain tensor E , 
SED = 1 

V 
∫ 

V S : E dV . (4) 
SED is a widely accepted measure of mechanical stimulus for bone 
remodeling [4,32] , a detailed discussion can be found in the refer- 
ences [33–35] . 

The relative, percental SED deviation of the post-THA bone from 
the pre-THA bone is calculated according to 
SED diff = (SED post −THA − SED pre −THA )/ SED pre −THA . (5) 
A similar metric based on von-Mises stress instead of SED was pre- 
viously used [36,37] and referred to as Stress Shielding Intensity 
SSI. 

For a comparison among the implant variants and with the pre- 
surgery state the following indicators are used: (i) normal strain 
and normal stress distributions at the resection plane, (ii) SED dif- 
ferences according to (5) , (iii) a partitioning of force transfer into 
its collar and stem parts. Furthermore, (iv) the analysis is based on 

SED as well as the shear stress distributions along medial, lateral, 
ventral and dorsal paths in vicinity to the prosthesis surface. 
3. Results 
3.1. The load transfer in the natural femur 

Predominant loading conditions generally drive the remodeling 
processes within bone, which have resulted in the Young’s modu- 
lus distributions as displayed in Fig. 4 (a), (b); this shall be under- 
stood as the result of nature’s optimization processes. As a conse- 
quence, the post-surgical load transfer is best adapted to the exist- 
ing bone-structure and loads, if it induces the least action of remod- 
eling towards an altered bone structure. For that reason, preserving 
the characteristics of pre-THA force transmission through bone is 
optimal, since it does not drastically alter –lower or increase– lo- 
cal bone loading. This is the particular perspective of the present 
work and for that reason, pre-THA force transmission is the point 
of departure. 

Fig. 4 illustrates for the pre-surgical femur that the SED distri- 
bution follows the Young’s modulus distribution. This fact under- 
pins that stiffness attracts strain energy. Since the values of the 
cortex and the spongiosa differ by orders of magnitude, two dif- 
ferent scales are necessary to properly display the distributions of 
both SED and Young’s modulus, see the caption of Fig. 4 . 
3.2. Load transfer at interfaces 
3.2.1. The resection plane 

Fig. 5 displays the normal strain and corresponding normal 
stress distributions at the resection plane for various cases. In the 
corresponding cross section of pre-surgery bone, the pictures in 
Fig. 5 (a) indicate that strain is compressive at the medial site and 
that it exhibits a continuous decrease from the medial to the lat- 
eral site. At the lateral site minor tensile strains show up. The cor- 
responding stress distribution exhibits maxima at the medial and 
the lateral corticalis sites. Hence, the textbook picture of stress 
distributions in the femur neck being a superposition of a con- 
stant compressive stress state with a linear stress distribution from 
bending is somewhat oversimplified and the main reason for this 
deviation is the stiffness heterogeneity of bone. The results for the 
collarSS 0%/CO 4 case are shown in Fig. 5 (b); the normal stress dis- 
tribution comes relatively close to the natural femur both quali- 
tatively and quantitatively. By its stiffness the collar-plate induces 
higher compressive strains in the lateral cortex compared with the 
pre-THA state. 

For collarSS 17% as displayed in Fig. 5 (c), the resection plane 
is already considerably unloaded compared with the case of 

Repetitive number of cells:

Periodic arrangement

Periodic homogenization
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contrary, lattice structures exhibit a strictly constructed and defined topology and they can also 

be referred to as architectured materials. Their topology is periodic and it involves several 

repeating unit cells at a row throughout all three directions. For the lattice structures, the notion 

of a unit cell is highly important. Thus, it is useful to introduce it first. A unit cell is the smallest 

part of a lattice that represents all the morphological details, as well as the overall behaviour. It 

can be repeated periodically to create a complete lattice [30], [31]. 

As has already been mentioned above, architectured materials can offer an opportunity to 

overcome any material-dependent limitations and to adjust their apparent elastic properties by 

adapting their topology. Architectured materials can be employed in various mechanical and 

biomechanical applications such as scaffolds for tissue engineering [32]. For instance, in Figure 

1.5., two different hip implants are presented, a compact hip implant and an architectured one 

to help the reader visualize and compare the structural difference between the two. 

 

 

Figure 1.5. Two examples of a fabricated hip implant with a different internal structure. A 

compact hip implant (left) [33] and an architectured hip implant (right) [34]. 

 

The first step in designing a lattice structure is the particular emphasis on the topological 

aspect of its architecture. It draws our attention that the particular topology of a lattice impacts 

in a high degree its apparent mechanical properties. This can be viewed as a great opportunity 

to tune locally these mechanical properties in order to mimic the mechanical response of a bone 

to be replaced [9], [35]. Moreover, the relative density of the lattices, or the so-called volume 

fraction, plays an important role in the control of their apparent mechanical properties [36]. 

Direct Finite Element 
simulation:
Computationally very 
expensive!
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Non-linear homogenization : local law

Clausius-Duhem inequality:
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◊÷̇ ≠ q
◊

: Ò◊ + divq ≠ flR Ø 0, Ò◊ = grad◊, (6.2)

where ÷ = flÎ is the entropy per unit volume (Î being the entropy per unit mass). Combining
equations (6.1) and (6.2) yields

“ = ‡ : Á̇ + ◊÷̇ ≠ Ė ≠ q

◊
· Ò◊ Ø 0, (6.3)

where “ is the internal entropy production per unit volume. Thus, the two laws of thermo-
dynamics can be expressed as

Q + r = 0

“ = “loc + “con Ø 0, (6.4)

where

Q = ≠divq + flR, r = ‡ : Á̇ ≠ Ė = ≠◊÷̇ + “loc,

“loc = ‡ : Á̇ + ◊÷̇ ≠ Ė, “con = ≠q

◊
· Ò◊. (6.5)

In the above expressions r is the di�erence between the rates of the mechanical work and the
internal energy, Q is the thermal energy per unit volume entering or leaving a material point,
“loc is the local entropy production (or intrinsic dissipation), “con is the entropy production
by heat conduction. Looking more closely equation (6.4)5, one can re-express it as

‡ : Á̇ + ◊÷̇ = “loc + Ė. (6.6)

This last relation states that :

Excluding heat sources and heat fluxes, the sum of the rates of the mechanical and the thermal
work equals the sum of the intrinsic dissipation and the rate of change in the internal energy.

Internal energy as a function of the total strain

In this approach, the internal energy E is considered as a function of the strain tensor Á, the
entropy ÷ and a set of internal state variables ’,

E := E(Á, ÷, ’). (6.7)

Following the approach of Germain et al. (1983), the internal energy is assumed convex with
regard to its arguments. The following definitions for the derivatives of the internal energy
are considered :

6.1. Thermodynamics 51

◊÷̇ ≠ q
◊

: Ò◊ + divq ≠ flR Ø 0, Ò◊ = grad◊, (6.2)

where ÷ = flÎ is the entropy per unit volume (Î being the entropy per unit mass). Combining
equations (6.1) and (6.2) yields

“ = ‡ : Á̇ + ◊÷̇ ≠ Ė ≠ q
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‡ = ˆE

ˆÁ
, ◊ = ˆE

ˆ÷
. (6.8)

Instead of working with the internal energy, it is more convenient to introduce the Hemholtz
free energy potential � or the Gibbs free energy potential G

�(Á, ◊, ’) := E ≠ ◊÷, or G(‡, ◊, ’) := E ≠ ◊÷ ≠ ‡ : Á. (6.9)

For the simplicity of the expressions, the following operator is introduced :

ˆ{•}
ˆ’

: ’̇ =
ÿ

m

ˆ{•}
ˆzm

żm +
ÿ

n

ˆ{•}
ˆzn

· ż
n +

ÿ

q

ˆ{•}
ˆZq

: Ż
q, (6.10)

where zm are scalars, z
n are vectors and Z

q are second order tensors.
At this point, the Legendre or Legendre-Fenchel transformation is employed. Considering
the internal energy to be a function of the total strain, the specific entropy and the internal
variables, one can show that

dE = ˆE

ˆÁ
: dÁ + ˆE

ˆ÷
d÷ + ˆE

ˆ’
: d’ = ‡ : dÁ + ◊d÷ + ˆE

ˆ’
: d’, (6.11)

d� = ˆ�
ˆÁ

: dÁ + ˆ�
ˆ◊

d◊ + ˆ�
ˆ’

: d’ = dE ≠ ÷d◊ ≠ ◊d÷

= ‡ : dÁ + ◊d÷ + ˆE

ˆ’
: d’ ≠ ÷d◊ ≠ ◊d÷ = ‡ : dÁ ≠ ÷d◊ + ˆE

ˆ’
: d’,

(6.12)

dG = ˆG

ˆ‡
: d‡ + ˆG

ˆ◊
d◊ + ˆG

ˆ’
: d’ = dE ≠ ÷d◊ ≠ ◊d÷ ≠ ‡ : dÁ ≠ Á : d‡

= ‡ : dÁ + ◊d÷ + ˆE

ˆ’
: d’ ≠ ÷d◊ ≠ ◊d÷ ≠ ‡ : dÁ ≠ Á : d‡

= ≠Á : d‡ ≠ ÷d◊ + ˆE

ˆ’
: d’.

(6.13)

Thus, it can be deduced that 1

‡ = ˆ�
ˆÁ

, ÷ = ≠ˆ�
ˆ◊

, or Á = ≠ˆG

ˆ‡
, ÷ = ≠ˆG

ˆ◊
. (6.14)

Combining equations (6.4) and (6.9) leads to

“loc = ‡ : Á̇ ≠ ÷◊̇ ≠ �̇, or “loc = ≠Á : ‡̇ ≠ ÷◊̇ ≠ Ġ. (6.15)

1. The same result can be obtained by utilizing the methodology of Coleman and Gurtin (1967) for ther-
modynamics with internal state variables, taking also into account the issues raised by Lubliner (1972).
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Expressing �̇ and Ġ in terms of their arguments and using (6.14), the last expressions are
written

“loc = ≠ˆ�
ˆ’

: ’̇, or “loc = ≠ˆG

ˆ’
: ’̇. (6.16)

Equation (6.16), in conjunction with the relation “loc +“con Ø 0, is utilized to identify proper
evolution equations for the internal state variables. Usually, the mechanical and thermal
dissipations are assumed to be decoupled and non-negative, i.e. “loc Ø 0 and “con Ø 0. For
this purpose, it is customary in the literature to introduce a dissipation potential (Halphen
and Nguyen, 1975; Lemaitre and Chaboche, 2002). The properties and the characteristics
of such a potential are discussed in the following subsection. Returning back to equations
(6.4), the first law of thermodynamics is written, when Helmholtz free energy potential is
considered :

Âcv ◊̇ ≠ Q = ≠ˆ�
ˆ’

: ’̇ + ◊
ˆ2�
ˆ◊ˆÁ

: Á̇ + ◊
ˆ2�
ˆ◊ˆ’

: ’̇,

Âcv = flcv = ≠◊
ˆ2�
ˆ◊2 . (6.17)

When a Gibbs free energy potential is considered, the first law of thermodynamics is expressed
as :

Âcp◊̇ ≠ Q = ≠ˆG

ˆ’
: ’̇ + ◊

ˆ2G

ˆ◊ˆ‡
: ‡̇ + ◊

ˆ2G

ˆ◊ˆ’
: ’̇,

Âcp = flcp = ≠◊
ˆ2G

ˆ◊2 , (6.18)

In the last two expressions cv and cp are specific heat capacities at constant volume and
constant pressure respectively.
While the above analysis permits to design proper material constitutive laws, it does not
provide clear answers on energetic considerations. In fact, it is impossible at this stage to
identify which part of the internal energy can be recovered and which part is permanently
stored due to microstructural changes. The classification proposed here is based on the im-
pact on the material microstructure evolution : temporary change (instantaneous or with
delay), or permanent change. Considering such classification, an additive decomposition of
the internal energy is proposed, between a recoverable part and an irrecoverable part. A re-
coverable transformation is defined such that a temporary change of the microstructure is
observed after a change of the state variables (e.g. stretch of lattices, movement of defects,
molecular chain reptation, phase transformation), and there exist at least one path where,
instantaneously or with delay, �r (or Gr) returns back to its initial value. It is important
to note that those definitions hold for the material point and thus for the local state. A
recoverable transformation can be a dissipative process, so that the overall internal energy
of the material point and its surrounding has permanently changed. On the other hand, the
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‡ = ˆE

ˆÁ
, ◊ = ˆE

ˆ÷
. (6.8)

Instead of working with the internal energy, it is more convenient to introduce the Hemholtz
free energy potential � or the Gibbs free energy potential G

�(Á, ◊, ’) := E ≠ ◊÷, or G(‡, ◊, ’) := E ≠ ◊÷ ≠ ‡ : Á. (6.9)

For the simplicity of the expressions, the following operator is introduced :

ˆ{•}
ˆ’

: ’̇ =
ÿ

m

ˆ{•}
ˆzm

żm +
ÿ

n

ˆ{•}
ˆzn

· ż
n +

ÿ

q

ˆ{•}
ˆZq

: Ż
q, (6.10)

where zm are scalars, z
n are vectors and Z

q are second order tensors.
At this point, the Legendre or Legendre-Fenchel transformation is employed. Considering
the internal energy to be a function of the total strain, the specific entropy and the internal
variables, one can show that

dE = ˆE

ˆÁ
: dÁ + ˆE

ˆ÷
d÷ + ˆE

ˆ’
: d’ = ‡ : dÁ + ◊d÷ + ˆE

ˆ’
: d’, (6.11)

d� = ˆ�
ˆÁ

: dÁ + ˆ�
ˆ◊

d◊ + ˆ�
ˆ’

: d’ = dE ≠ ÷d◊ ≠ ◊d÷

= ‡ : dÁ + ◊d÷ + ˆE

ˆ’
: d’ ≠ ÷d◊ ≠ ◊d÷ = ‡ : dÁ ≠ ÷d◊ + ˆE

ˆ’
: d’,

(6.12)

dG = ˆG

ˆ‡
: d‡ + ˆG

ˆ◊
d◊ + ˆG

ˆ’
: d’ = dE ≠ ÷d◊ ≠ ◊d÷ ≠ ‡ : dÁ ≠ Á : d‡

= ‡ : dÁ + ◊d÷ + ˆE

ˆ’
: d’ ≠ ÷d◊ ≠ ◊d÷ ≠ ‡ : dÁ ≠ Á : d‡

= ≠Á : d‡ ≠ ÷d◊ + ˆE

ˆ’
: d’.

(6.13)

Thus, it can be deduced that 1

‡ = ˆ�
ˆÁ

, ÷ = ≠ˆ�
ˆ◊

, or Á = ≠ˆG

ˆ‡
, ÷ = ≠ˆG

ˆ◊
. (6.14)

Combining equations (6.4) and (6.9) leads to

“loc = ‡ : Á̇ ≠ ÷◊̇ ≠ �̇, or “loc = ≠Á : ‡̇ ≠ ÷◊̇ ≠ Ġ. (6.15)

1. The same result can be obtained by utilizing the methodology of Coleman and Gurtin (1967) for ther-
modynamics with internal state variables, taking also into account the issues raised by Lubliner (1972).

Legendre-Fenchel transformation + Germain (1983) : Convexity of E

M mechanisms are considered , with a set of Nm
variables for each mechanism:
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The definition of such quantities will facilitate the comparison between the constitutive mo-
dels developed and thermomechanical analyses of materials. Recent development on the di-
gital image correlation (DIC) and infrared thermography (IRT) techniques now allows to
identify deformation energy and heat source distributions from surface displacement and
temperature fields Chrysochoos and Louche (2000); Wattrisse et al. (2001); Berthel et al.
(2008); Chrysochoos et al. (2010).
With such informations, the energy balance of a during a thermodynamical process can
be determined based on the theoretical background presented in Chrysochoos (2012). Such
methodology has been utilized recently to study the thermomechanical behavior of composites
(PA66 reinforced with short galss fibers) subjected to low cycle fatigue Benaarbia et al. (2015).
It should be stated here that the approach proposed here is not unique. The methodology
presented by Lemaitre and Chaboche (2002) considers that the total strain is split into an
elastic and an inelastic part and that stress is thermodynamically connected with the elastic
strain. Such formalism is convenient for inelastic mechanisms that produce their own strain
(for instance, plastic and viscoplastic materials). A thorough energetic discussion using this
type of strain decomposition is presented by Rosakis et al. (2000). In a slightly di�erent ver-
sion, the entropy is also partitioned into thermoelastic and inelastic parts and the internal
energy depends on the thermoelastic strain and the thermoelastic entropy (Simo and Miehe,
1992; Maugin, 1999). Chrysochoos and coworkers, among others, have proposed another in-
teresting approach (Chrysochoos et al., 2010; Benaarbia et al., 2014). In that methodology,
the stress is decomposed into a reversible and an irreversible part. Moreover, the strain is
thermodynamically connected with the reversible part of the stress. Such formalism can be
convenient for viscoelastic and damage mechanisms, where no partition of the total strain
occurs and there is the possibility to identify ”reversible” and ”irreversible” parts of the stress.

6.2 General formulation for dissipative phenomena

Following the definition of the mechanical dissipation, we shall further consider that the
evolution of inelastic strains is due to several leading mechanisms which are considered ther-
modynamically independent. This means that the dissipation caused by each one of them
must be non-negative. It is shown that coupled phenomena (for instance, transformation and
plasticity where plasticity is induced by the transformation as in the TRIP e�ect) can be
taken into account in the general approach proposed, considering that coupled mechanisms
can be regrouped into a single leading mechanism. The following general formulation for
dissipative phenomena can be found in Chatziathanasiou et al. (2015a) in its original form.
We consider M distinct leading mechanisms, where m-th mechanism involves a set of Nm

variables {V
m

i
}. Each di�erent V

m

i
is considered as an internal variable 2. Note that the set

of internal variables is still noted ’ and include all the internal variables from all the sets V
m

for every leading mechanism m.

2. This does not restrict to add variables associated to the considered mechanisms, that are not considered
as internal variables
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The first element of every set is defined to be a scalar sm : [sm = V m
1 ]. The specificity of

every first element of each set sm is that the rate of all other variables V
m

i
are found by 3 :

V̇
m

i = ṡm�m

i
. (6.31)

�m

i
is a tensor of order which varies according to the nature of V

m

i
. In the scope of this

section, they are given the name evolution tensors. For instance, �m
1 = sj = 1 is a zero order

tensor equal to the unit so as to comply with (6.31). Such definition clarifies the denomination
given to the leading mechanism. Indeed, it is always considered that it exists a unique scalar
variable that governs the evolution of all the other internal variables.
This is an important statement which could add di�culties to the definition of some mecha-
nisms (e.g. viscoelasticity). While the benefits are not clear in this section, such proposition
is part of an integrated approach and those assumption will have important impact on the nu-
merical resolution of the system of non-linear equation that defines the selected constitutive
model.
Any element V

j

i
which is an internal variable has a conjugant generalized thermodynamic

force :

AV
m

i = ≠ ˆG

ˆV
m

i

. (6.32)

Taking advantage of the definition of a leading mechanism and the evolution equations that
are all related to the first scalar internal variable, we denote by fim the total thermodynamic
force conjugate to the leading mechanism m :

fim =
ÿ

i

AV
m

i �m

i , (6.33)

Note that the sum of the products of the total forces with the first internal variable of each
set of variables that define a leading mechanism is self-su�cient to describe the mechanical
dissipation :

“loc =
Mÿ

m=1
fimV̇ m

1 =
Mÿ

m=1
fimṡm. (6.34)

Depending on the nature of the leading mechanism, a criterion that takes the form of the
limit of thermoelastic domain �, or an explicit rate criterion for rate-dependant phenomena,
is considered to exist, and regardless of the nature of leading mechanism, such criterion can
always take the following form :

�m = 0. (6.35)

For instance, in the case of the definition of a thermoelastic domain, we consider an hyper-
surface ˆ� which is the boundary of the thermoelastic domain. This hypersurface is defined
as the set of solutions of the equation :

3. The underline in an indice a indicates that even if Einstein summation conditions are fulfilled, there is
no summation over this indice

Generalized thermodynamic forces

A criterion is associated with each mechanism : Example
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�m(A) = 0, . (6.36)

The dependance on the set of generalized thermodynamic force actually ensure convexity of
the hypersurface. More details on this aspect are given in Lemaitre and Chaboche (2002).
Note that, while this last point is helpful in terms of stability and of numerical resolution, the
only constrain is to satisfy eq. 6.4, which is however automatically satisfied in the case of a
convex criterion. Each thermodynamic criterion which govern the activation of its associated
leading mechanism m has the general form :

�m ({AV
m}) Æ 0, (6.37)

where {AV
m} is the whole set of generalised thermodynamic forces for the mechanism m.

As per definition of a dissipative process, a set of conditions are formulated to completely
define the evolution laws of internal variables, and the following constraints :

{�m} Æ {0}, {ṡm} Ø {0}, {�mṡm} = 0. (6.38)

The non-linear problem is therefore defined as a set of non-linear partial di�erential equations
to solve, according to the aforementioned conditions.
To clarify the role of the internal variables that contribute to the elastic strain, we first
consider that, regardless of the notion of leading mechanisms, if we consider that there exist
K distinct mechanisms that contribute to the total inelastic strain Á

in, the latter writes :

Á
in =

Kÿ

k=1
Á

in,k, (6.39)

where the index k stands for every di�erent internal variable that contributes to the total
inelastic strain. We have previously indicated that inelastic strain tensor must be considered
as an internal variable, and shall now include those variables in the framework of the set
of internal variables defined for each leading mechanism. A contribution of each leading
mechanism to the total elastic strain is defined, which is a strain tensor :

Á
in =

Mÿ

m=1
Á

in,m, (6.40)

where, inside each set, the contribution of each mechanism is regrouped into the single in-
elastic strain tensor Á

in,m :

Á
in,m =

Nmÿ

i=1
Á

in,m

i
. (6.41)

Note that Á
in,m is in general not an internal variable, but can be included in the set of

variables of each mechanism. Following the definition of the first, scalar, internal variable
and the evolution tensors, the rate of the contribution to the inelastic strain of each leading
mechanism is written :
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FE analysis), a return mapping algorithm is utilized Ortiz and Simo (1986); Simo and
Hughes (1998a). This procedure is split in two parts :
— In the first part, the internal variables ’ = {V

j} of the material do not evolve and
only generation of thermoelastic strains is considered (thermoelastic prediction).
Thus, while all the variables ’ are kept fixed, the initial guess for the stress is com-
puted directly by the total strain and temperature, given the fact that an increment
of each quantity is provided. Such initial guess is referred as the elastic-prediction

— In the second part, the error in the stress is corrected by identifying the actual
change in the internal variables (inelastic correction). Thus, the total strain Á and
temperature ◊ are kept fixed (and the same holds for their increment), while the
stress ‡ and the set of internal variables ’ evolve.

3. To return and perform calculations in step 1, appropriate tangent moduli (for all the
fluxes with respect to the field variables) are required at each material point. These are
computed by applying small, arbitrary perturbations in Á, ◊, using the instantaneous
response obtained from the second step. A methodology is proposed here to obtain the
fomulation of such tangent moduli, for an arbitrary number of activated mechanisms.

7.0.1 Preliminaries

The proposed numerical scheme includes three types of increments of a quantity x : i) in-
crement in time, denoted by �x, ii) increment during the Newton-Raphson scheme in the
FE ’0-D’ solver calculations, denoted by gx, and iii) increment during the Newton-Raphson
scheme in the material constitutive law and during the identification of the tangent moduli,
denoted by the symbol ”x.
In a backward Euler fully implicit numerical scheme, the value of a given quantity x is updated
from the previous time step n to the current n + 1 per

x(n+1) = x(n) + �x(n+1). (7.1)

Such an implicit relation is usually solved iteratively during the FE calculations, and the
current value is updated from iteration m to iteration m + 1 per

x(n+1)(m+1) = x(n+1)(m) + gx(n+1)(m), (7.2)

or

�x(n+1)(m+1) = �x(n+1)(m) + gx(n+1)(m). (7.3)

Additionally, the time derivative of a quantity x is numerically discretized according to the
relation

ẋ(n+1)(m)�t = x(n+1)(m) ≠ x(n) = �x(n+1)(m). (7.4)
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The increment of a function f(x, ẋ) can be written as

gf (n+1)(m) =
5

ˆf

ˆx

6(n+1)(m)
gx(n+1)(m)

+ 1
�t

5
ˆf

ˆẋ

6(n+1)(m)
gx(n+1)(m). (7.5)

The convergence in the FE analysis is reached once the increments g are close to zero. When
passing from the FE calculations to the material constitutive law, another iterative scheme
is required. In this second scheme, the current value is updated from iteration k to iteration
k + 1 per

x(n+1)(m+1)(k+1) = x(n+1)(m+1)(k) + ”x(n+1)(m+1)(k) or

�x(n+1)(m+1)(k+1) = �x(n+1)(m+1)(k) + ”x(n+1)(m+1)(k). (7.6)

Additionally, the time derivative of a quantity x is numerically discretized according to the
relation

ẋ(n+1)(m+1)(k)�t = x(n+1)(m+1)(k) ≠ x(n) = �x(n+1)(m+1)(k). (7.7)

The increment of a function f(x, ẋ) can be written as

”f (n+1)(m+1)(k) =
5

ˆf

ˆx

6(n+1)(m+1)(k)
”x(n+1)(m+1)(k)

+ 1
�t

5
ˆf

ˆẋ

6(n+1)(m+1)(k)
”x(n+1)(m+1)(k). (7.8)

The convergence in the constitutive law is reached once the increments ” are close to zero.

7.0.2 Material point mixed homogeneous solver

To solve the thermomechanical equilibrium at a material point (i.e. the conservation law of
linear momentum and energy) when a nonlinear material response is considered, a numerical
algorithm (’0-D’ solver) is developped. The conservation of angular momentum and second
principle are ensured considering a symmetrical Cauchy stress tensor and ensuring that “loc Ø
0 during the resolution of constitutive equations. We consider, at each time increment, a set
of seven prescribed boundary conditions. Indeed, the thermomechanical problem to solve is
composed, at most, of a set of seven scalar equations, six coming from the conservation of
linear momentum and one coming from the conservation of energy. The satisfaction of such
conservation law is fulfilled when, at the m-th iteration of time step n + 1 :

Increment in time of a quantity Increment of a quantity for an iteration m

Increment of a quantity for an iteration k inside the iteration m
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7.0.3 Constitutive law algorithm

As previously detailed, the solver (or the FE analysis software) provides the necessary quanti-
ties at time step n and also the increments of strain and temperature at the step (n+1)(m+1).
As it is already discussed, the return mapping algorithm utilized in the constitutive law
algorithm is essentially consisted of two parts : i) Initially, it is assumed that no evolution of
the internal variables occurs, thus that the material behaves linearly. This allows to consider a
thermoelastic prediction of all the fields. In such prediction, the stress tensor and the quantity
r are computed, while the internal variables are set to their initial value at the beginning of
the time increment.

Á
(n+1)(m+1) = Á

(n) + �Á
(n+1)(m+1),

◊(n+1)(m+1) = ◊(n) + �◊(n+1)(m+1),

’
(n+1)(m+1) = ’

(n). (7.16)

Then, the various criteria of the constitutive law are checked in order to clarify if the material
remains thermoelastic or if a nonlinear mechanism is activated. Usually, if the thermoelastic
prediction indicates that the stress and the other fields do not respect the constitutive law
restrictions (for instance, in an elastoplastic material the yield criterion is violated), then an
inelastic correction is required. At this stage the internal variables ’ evolve, while the strain
and the temperature are fixed, i.e.

”Á
(n+1)(m+1)(k) = 0, ”◊(n+1)(m+1)(k) = 0, (7.17)

where k denotes the increment number during the inelastic correction step. In this context,
the stresses and the internal variables can be expressed in the incremental forms

‡
(n+1)(m+1)(k+1) = ‡

(n+1)(m+1)(k) + ”‡
(n+1)(m+1)(k),

’
(n+1)(m+1)(k+1) = ’

(n+1)(m+1)(k) + ”’
(n+1)(m+1)(k). (7.18)

At this point the system of equation to solve can be summarized, accounting for any lead
mechanism (time dependant or time-independant) described in chapter 6 :

�1(‡, ‡̇, Á, Á̇, �1 , V
1, V̇ 1) Æ 0 , V̇ 1

1 Ø 0, �1V̇ 1
1 = 0

�2(‡, ‡̇, Á, Á̇, �2 , V
1, V̇ 2) Æ 0 , V̇ 2

1 Ø 0, �2V̇ 2
1 = 0

...

�J(‡, ‡̇, Á, Á̇, �2 , V
J , ˙

V J) Æ 0 , V̇ J

1 Ø 0, �J V̇ J

1 = 0

(7.19)
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�1(‡, ‡̇, Á, Á̇, �1 , V
1, V̇ 1) Æ 0 , V̇ 1

1 Ø 0, �1V̇ 1
1 = 0

�2(‡, ‡̇, Á, Á̇, �2 , V
1, V̇ 2) Æ 0 , V̇ 2

1 Ø 0, �2V̇ 2
1 = 0

...

�J(‡, ‡̇, Á, Á̇, �2 , V
J , ˙

V J) Æ 0 , V̇ J

1 Ø 0, �J V̇ J

1 = 0

(7.19)

Local constitutive law
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Klj”sj =
ÿ

i

A
ˆ�l

ˆV
j

i

�i

B

”sj (7.44)

The numerical resolution consists in solving the following system of partial di�erential equa-
tions, using a Newton-Raphson scheme :

� + ”� = 0

B”s = ≠�

”s = ≠(B)≠1
� (7.45)

In the above, s = {sj} and B is a matrix containing the partial derivatives of �, such that

Blj =
q

j

C

≠ˆ�l

ˆ‡
Ÿ

j + Klj

D

.

The partial derivatives of the Fischer-Burmeister complimentary problem are computed :

F + ”F = 0 (7.46)

with :

”F i = ˆF i

ˆ�i

ˆ�i

ˆsj
”sj

”F i = ˆF i

ˆ�i
Bij”sj (7.47)

7.1.1 Determination of the thermomechanical quantities and tangent moduli

Since we require to compute the solver iteration increments �Á
(n+1)(m+1) = �Á

(n+1)(m) +
gÁ

(n+1)(m) and �◊(n+1)(m+1) = �◊(n+1)(m) + g◊(n+1)(m), hence we need the tangent modulus
of the flux quantitites :

g‡ = D
ÁgÁ + D

◊g◊ (7.48)

gr = R
ÁgÁ + R◊g◊ (7.49)

Note that gr is considered here as the value of the rate r during the k-th iteration. The
following quantities are thus considered :

g‡ = L :
1
gÁ ≠ gÁ

th ≠ gÁ
in

2
, (7.50)

g“loc = gA’

�’

�t
+ A’

g’

�t
(7.51)

gr = ≠g◊
�÷

�t
≠ ◊

g÷

�t
+ g“loc (7.52)
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B”s = ≠�

”s = ≠(B)≠1
� (7.45)

In the above, s = {sj} and B is a matrix containing the partial derivatives of �, such that

Blj =
q

j

C

≠ˆ�l

ˆ‡
Ÿ

j + Klj

D

.

The partial derivatives of the Fischer-Burmeister complimentary problem are computed :

F + ”F = 0 (7.46)

with :

”F i = ˆF i

ˆ�i

ˆ�i

ˆsj
”sj

”F i = ˆF i

ˆ�i
Bij”sj (7.47)

7.1.1 Determination of the thermomechanical quantities and tangent moduli

Since we require to compute the solver iteration increments �Á
(n+1)(m+1) = �Á

(n+1)(m) +
gÁ

(n+1)(m) and �◊(n+1)(m+1) = �◊(n+1)(m) + g◊(n+1)(m), hence we need the tangent modulus
of the flux quantitites :

g‡ = D
ÁgÁ + D

◊g◊ (7.48)

gr = R
ÁgÁ + R◊g◊ (7.49)

Note that gr is considered here as the value of the rate r during the k-th iteration. The
following quantities are thus considered :

g‡ = L :
1
gÁ ≠ gÁ

th ≠ gÁ
in

2
, (7.50)

g“loc = gA’

�’

�t
+ A’

g’

�t
(7.51)
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FE analysis), a return mapping algorithm is utilized Ortiz and Simo (1986); Simo and
Hughes (1998a). This procedure is split in two parts :
— In the first part, the internal variables ’ = {V

j} of the material do not evolve and
only generation of thermoelastic strains is considered (thermoelastic prediction).
Thus, while all the variables ’ are kept fixed, the initial guess for the stress is com-
puted directly by the total strain and temperature, given the fact that an increment
of each quantity is provided. Such initial guess is referred as the elastic-prediction

— In the second part, the error in the stress is corrected by identifying the actual
change in the internal variables (inelastic correction). Thus, the total strain Á and
temperature ◊ are kept fixed (and the same holds for their increment), while the
stress ‡ and the set of internal variables ’ evolve.

3. To return and perform calculations in step 1, appropriate tangent moduli (for all the
fluxes with respect to the field variables) are required at each material point. These are
computed by applying small, arbitrary perturbations in Á, ◊, using the instantaneous
response obtained from the second step. A methodology is proposed here to obtain the
fomulation of such tangent moduli, for an arbitrary number of activated mechanisms.

7.0.1 Preliminaries

The proposed numerical scheme includes three types of increments of a quantity x : i) in-
crement in time, denoted by �x, ii) increment during the Newton-Raphson scheme in the
FE ’0-D’ solver calculations, denoted by gx, and iii) increment during the Newton-Raphson
scheme in the material constitutive law and during the identification of the tangent moduli,
denoted by the symbol ”x.
In a backward Euler fully implicit numerical scheme, the value of a given quantity x is updated
from the previous time step n to the current n + 1 per

x(n+1) = x(n) + �x(n+1). (7.1)

Such an implicit relation is usually solved iteratively during the FE calculations, and the
current value is updated from iteration m to iteration m + 1 per

x(n+1)(m+1) = x(n+1)(m) + gx(n+1)(m), (7.2)

or

�x(n+1)(m+1) = �x(n+1)(m) + gx(n+1)(m). (7.3)

Additionally, the time derivative of a quantity x is numerically discretized according to the
relation

ẋ(n+1)(m)�t = x(n+1)(m) ≠ x(n) = �x(n+1)(m). (7.4)
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The increment of a function f(x, ẋ) can be written as

gf (n+1)(m) =
5

ˆf

ˆx

6(n+1)(m)
gx(n+1)(m)

+ 1
�t

5
ˆf

ˆẋ

6(n+1)(m)
gx(n+1)(m). (7.5)

The convergence in the FE analysis is reached once the increments g are close to zero. When
passing from the FE calculations to the material constitutive law, another iterative scheme
is required. In this second scheme, the current value is updated from iteration k to iteration
k + 1 per

x(n+1)(m+1)(k+1) = x(n+1)(m+1)(k) + ”x(n+1)(m+1)(k) or

�x(n+1)(m+1)(k+1) = �x(n+1)(m+1)(k) + ”x(n+1)(m+1)(k). (7.6)

Additionally, the time derivative of a quantity x is numerically discretized according to the
relation

ẋ(n+1)(m+1)(k)�t = x(n+1)(m+1)(k) ≠ x(n) = �x(n+1)(m+1)(k). (7.7)

The increment of a function f(x, ẋ) can be written as

”f (n+1)(m+1)(k) =
5

ˆf

ˆx

6(n+1)(m+1)(k)
”x(n+1)(m+1)(k)

+ 1
�t

5
ˆf

ˆẋ

6(n+1)(m+1)(k)
”x(n+1)(m+1)(k). (7.8)

The convergence in the constitutive law is reached once the increments ” are close to zero.

7.0.2 Material point mixed homogeneous solver

To solve the thermomechanical equilibrium at a material point (i.e. the conservation law of
linear momentum and energy) when a nonlinear material response is considered, a numerical
algorithm (’0-D’ solver) is developped. The conservation of angular momentum and second
principle are ensured considering a symmetrical Cauchy stress tensor and ensuring that “loc Ø
0 during the resolution of constitutive equations. We consider, at each time increment, a set
of seven prescribed boundary conditions. Indeed, the thermomechanical problem to solve is
composed, at most, of a set of seven scalar equations, six coming from the conservation of
linear momentum and one coming from the conservation of energy. The satisfaction of such
conservation law is fulfilled when, at the m-th iteration of time step n + 1 :

Increment in time of a quantity Increment of a quantity for an iteration m

Increment of a quantity for an iteration k inside the iteration m
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7.0.3 Constitutive law algorithm

As previously detailed, the solver (or the FE analysis software) provides the necessary quanti-
ties at time step n and also the increments of strain and temperature at the step (n+1)(m+1).
As it is already discussed, the return mapping algorithm utilized in the constitutive law
algorithm is essentially consisted of two parts : i) Initially, it is assumed that no evolution of
the internal variables occurs, thus that the material behaves linearly. This allows to consider a
thermoelastic prediction of all the fields. In such prediction, the stress tensor and the quantity
r are computed, while the internal variables are set to their initial value at the beginning of
the time increment.

Á
(n+1)(m+1) = Á

(n) + �Á
(n+1)(m+1),

◊(n+1)(m+1) = ◊(n) + �◊(n+1)(m+1),

’
(n+1)(m+1) = ’

(n). (7.16)

Then, the various criteria of the constitutive law are checked in order to clarify if the material
remains thermoelastic or if a nonlinear mechanism is activated. Usually, if the thermoelastic
prediction indicates that the stress and the other fields do not respect the constitutive law
restrictions (for instance, in an elastoplastic material the yield criterion is violated), then an
inelastic correction is required. At this stage the internal variables ’ evolve, while the strain
and the temperature are fixed, i.e.

”Á
(n+1)(m+1)(k) = 0, ”◊(n+1)(m+1)(k) = 0, (7.17)

where k denotes the increment number during the inelastic correction step. In this context,
the stresses and the internal variables can be expressed in the incremental forms

‡
(n+1)(m+1)(k+1) = ‡

(n+1)(m+1)(k) + ”‡
(n+1)(m+1)(k),

’
(n+1)(m+1)(k+1) = ’

(n+1)(m+1)(k) + ”’
(n+1)(m+1)(k). (7.18)

At this point the system of equation to solve can be summarized, accounting for any lead
mechanism (time dependant or time-independant) described in chapter 6 :

�1(‡, ‡̇, Á, Á̇, �1 , V
1, V̇ 1) Æ 0 , V̇ 1

1 Ø 0, �1V̇ 1
1 = 0

�2(‡, ‡̇, Á, Á̇, �2 , V
1, V̇ 2) Æ 0 , V̇ 2

1 Ø 0, �2V̇ 2
1 = 0

...

�J(‡, ‡̇, Á, Á̇, �2 , V
J , ˙

V J) Æ 0 , V̇ J

1 Ø 0, �J V̇ J

1 = 0

(7.19)
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�1(‡, ‡̇, Á, Á̇, �1 , V
1, V̇ 1) Æ 0 , V̇ 1

1 Ø 0, �1V̇ 1
1 = 0
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1 Ø 0, �2V̇ 2
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1 Ø 0, �J V̇ J
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(7.19)

Local constitutive law
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actually explain the fact that only a fraction of the dissipated mechanical energy linked the
plastics strain rate Á̇ is dissipated)
If the components of strain Áij or temperature ◊ is directly prescribed, the conservation
of linear momentum and/or the energy equation is considered to be automatically satisfied.
Considering µ = {Á11, Á22, ..., Á23, ◊} the set of field variables, and a set of prescribed boundary
variables Ÿ

app (that can contain either fluxes or field variables as applied conditions) :

Ÿ(n+1)(m+1) ≠ Ÿapp = 0

Ÿ(n+1)(m) + Kú(n+1)(m)�µ
(n+1)(m) ≠ Ÿapp = 0, (7.11)

Kú is referred as the reduced tangent matrix, which links essentially the prescribed boundary
variables with the generalized variables. Such matrix is expressed as :

Kú
ij = Kij if Ÿi is a flux variable ‡i or Q

otherwise Kú
ij = ⁄ if i = j , Kú

ij = Kú
ji = 0 if i ”= j (7.12)

with ⁄ is a penalty factor, and K, the total tangent matrix, is expressed as a function of the
di�erent tangent moduli :

K =

Q

ccccccccccccca

DÁ
1111 DÁ

1122 DÁ
1133 DÁ

1112 DÁ
1113 DÁ

1123 D◊
11

DÁ
2211 DÁ

2222 DÁ
2233 DÁ

2212 DÁ
2213 DÁ

2223 D◊
22

DÁ
3311 DÁ

3322 DÁ
3333 DÁ

3312 DÁ
3313 DÁ

3323 D◊
33

DÁ
1211 DÁ

1222 DÁ
1233 DÁ1212 DÁ

1213 DÁ
1223 D◊

12
DÁ

1311 DÁ
1322 DÁ

1333 DÁ
1312 DÁ

1313 DÁ
1323 D◊

13
DÁ

2311 DÁ
2322 DÁ

2333 DÁ
2312 DÁ

2313 DÁ
2323 D◊

23
RÁ

11 RÁ
22 RÁ

33 RÁ
12 RÁ

13 RÁ
23 R◊

R

dddddddddddddb

(7.13)

with :

D
Á = ˆ‡

ˆÁ
, D

◊ = ˆ‡

ˆ◊
, R

Á = ˆQ

ˆÁ
= ≠ˆr

ˆÁ
, R◊ = ˆQ

ˆ◊
= ≠ ˆr

ˆ◊
. (7.14)

We recall here that :

r = ≠Ẇ r
t ≠ Ẇ ir

t + “loc (7.15)

The system of equations described in Eq. (7.11) is solved using a Newton-Raphon scheme,
to obtain the new values of �µ

(n+1)(m+1) utilized in the constitutive law algorithm upon
convergence, i.e. once (7.11) is verified.
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t ≠ Ẇ ir
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We recall here that :

r = ≠Ẇ r
t ≠ Ẇ ir

t + “loc (7.15)

The system of equations described in Eq. (7.11) is solved using a Newton-Raphon scheme,
to obtain the new values of �µ

(n+1)(m+1) utilized in the constitutive law algorithm upon
convergence, i.e. once (7.11) is verified.
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where Dε denotes the mechanical tangent modulus. Similarly, the microscopic heat
flux can be written as

qupdated = q − κ ·δ∇θ, δ∇θ = gradδθ̃.

To ensure the existence and the uniqueness of solution of the microscale problem, the
fourth order tensor Dε and the second order thermal conductivity tensor κ need to
be positive definite at all times. Using the above linearized expressions, the micro-
equilibrium and the micro-energy balance are written as

div (σ +Dε:gradδũ) = 0, div
(
q − κ ·gradδθ̃

)
= 0. [5.58]

These conservation laws are accompanied by appropriate microscopic constitutive
laws to update the current stress σ and the energy rate term r = σ : ε̇ − Ė . With
regard to boundary conditions, periodicity of δũ, δθ̃ and antiperiodicity of σ ·n and
q ·n are imposed. The global system of equations is solved iteratively using a proce-
dure analogous to the one described in chapter 3. When the convergence is achieved
(i.e. when δũ and δθ̃ are almost zero), the time increments and the actual values of the
fluctuating terms ũ and θ̃ are evaluated, allowing all the microscopic quantities and
their averaged (macroscopic) counterparts of Table 5.1 to be computed. Moreover, the
thermomechanical tangent moduli Dε, Dθ , Rε, Rθ and κ at all microscopic points
can be calculated when the convergence is achieved (see chapter 3 for details). These
moduli are essential to obtain their macroscopic counterparts in the second part of the
unit cell problem. Table 5.4 illustrates the algorithmic scheme for the first part of the
unit cell problem. Table 5.5 provides the necessary constitutive law algorithm at each
microscopic point in the unit cell.

2) Once the first part is completed, the residual terms of the microscopic stress
and heat flux are assumed exactly zero. The strain, the temperature gradient, the
equilibrium equation and the conservation of energy at the microscale presented in
Table 5.1 are written in the linearized, incremental form as

ðε = ðε+ gradsymðũ, divðσ = 0,

ð∇θ = ð∇θ + gradðθ̃, divðq = 0. [5.59]

With regard to boundary conditions, periodicity of ðũ, ðθ̃ and antiperiodicity of
ðσ ·n, ðq ·n are imposed. Moreover, with the help of the thermomechanical tan-
gent moduli the increments of the stress and the scalar r can be expressed as

ðσ = Dε:ðε+Dθ
ðθ, ðr = Rε:ðε+Rθ

ðθ. [5.60]

Note that the microscopic tensors Dε, Dθ, Rε and Rθ are obtained at the end of the
first part of the unit cell problem. In sections 3.3 and 3.4 the analytical expressions of
these tensors per incremental step are presented for elastic and elastoplastic materials
respectively. Finally, the increment of the heat flux vector can be described in terms
of the temperature gradient vector by a linear law of the form

ðq = −κ ·ð∇θ, [5.61]
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⇤(x, t) � 0

u M(x,x)

u(x,x, t) = "(x, t) · x+ u0(x,x, t) + u0(x, t).

" u0

u0

u0 x+

x� x+,x� 2 @V

u0(x,x+, t) = u0(x,x�, t), 8x 2 V .

⇢ =
1

V

Z

V
⇢(x) dV

periodic

antiperiodic

 (x, t) =
1

⇢V

Z

V

⇢ (x,x, t) dV � = ⇢
@ 

@"
� = ⇢

@ 

@"
,

 
⇤(x, t) =

1

⇢V

Z

V

⇢ 
⇤(x,x, t) dV " = ⇢

@ 
⇤

@�
" = ⇢

@ 
⇤

@�
,

⇢

�̇(x, t) =
1

V

Z

V
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Figure 6.8. Computational homogenization scheme.

Microscale problem

Once the macroscopic strain, temperature and temperature gradient are provided
by the macroscale analysis, the microscale problem is split in the following parts:

1) For a thermoelastic prediction, the microscale strain and temperature gradient
increments at each phase of the composite are calculated by the linearized form of the
relations [6.32],

∆εr = Aε
r :∆ε+Aθ

r∆θ, ∆∇θr = Aκ
r ·∆∇θ,

where the tensors Aε
r, Aθ

r and Aκ
r are provided by certain explicit formulas, according

to the followed approach (Mori-Tanaka, self consistent or PCW). The microscopic tan-
gent moduli Dε

r, Dθ
r at the first iteration are considered those of thermoelastic mate-

rials (elastic prediction). During the iteration process their value change according to
the evolution of the nonlinear mechanisms.

2) Using the microscopic strain εr, the microscopic temperature gradient∇θr and
the macro-temperature θ, the constitutive law of each material phase is utilized in order
to calculate the micro-stresses σr, the micro-heat fluxes qr and the quantities rr =
−θη̇r + γlocr . For nonlinear materials the stress is usually computed iteratively (see
for instance the general scheme of subsection 3.2.3 and the various specific schemes
for elastoplastic media in section 3.4). The thermomechanical concentration tensors
are also evaluated and if they differ signifficantly from those of the previous iteration
increment, then the first two parts are repeated.

3) Once the iteration process is completed, the updated tangent moduli Dε
r, Dθ

r ,
Rε

r, Rθ
r , and κr, as well as the updated concentration tensors Aε

r, Aθ
r , Aκ

r , for each

Composites with random structure 223

phase are utilized in order to obtain the macroscopic thermomechanical tangent mod-
uli. The latter are computed through analogous relations with the periodic media, i.e.

Dε =
N∑

r=0

frD
ε
r :A

ε
r, Dθ =

N∑

r=0

fr
[
Dθ

r +Dε
r :A

θ
r

]
,

κ =
N∑

r=0

frκr ·Aκ
r ,

Rε =
N∑

r=0

frR
ε
r :A

ε
r, Rθ =

N∑

r=0

fr
[
Rθ

r +Rε
r :A

θ
r

]
. [6.57]

Table 6.1 presents the algorithmic scheme for solving the microscale (RVE) problem.
Also, Table 6.2 provides the general scheme that describes the constitutive law of a
material phase in a representative volume element.

Macroscale problem

Ignoring inertia forces, body forces and heat sources, the macroscopic problem
can be written in linearized incremental form as (see Table 5.1)

ðε = gradsymðu, ð∇θ = gradðθ,

div (σ + ðσ) = 0, div (q + ðq) = r + ðr, [6.58]

where

σ =
N∑

r=0

frσr, q =
N∑

r=0

frqr, r =
N∑

r=0

frrr, [6.59]

and

ðσ = Dε:ðε+Dθ
ðθ, ðq = −κ ·ð∇θ, ðr = Rε:ðε+Rθ

ðθ. [6.60]

The numerical procedure for the macroscale problem, which is shown in Table 6.3,
follows similar steps with the one in periodic media.
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Figure 6.8. Computational homogenization scheme.

Microscale problem

Once the macroscopic strain, temperature and temperature gradient are provided
by the macroscale analysis, the microscale problem is split in the following parts:

1) For a thermoelastic prediction, the microscale strain and temperature gradient
increments at each phase of the composite are calculated by the linearized form of the
relations [6.32],

∆εr = Aε
r :∆ε+Aθ

r∆θ, ∆∇θr = Aκ
r ·∆∇θ,

where the tensors Aε
r, Aθ

r and Aκ
r are provided by certain explicit formulas, according

to the followed approach (Mori-Tanaka, self consistent or PCW). The microscopic tan-
gent moduli Dε

r, Dθ
r at the first iteration are considered those of thermoelastic mate-

rials (elastic prediction). During the iteration process their value change according to
the evolution of the nonlinear mechanisms.

2) Using the microscopic strain εr, the microscopic temperature gradient∇θr and
the macro-temperature θ, the constitutive law of each material phase is utilized in order
to calculate the micro-stresses σr, the micro-heat fluxes qr and the quantities rr =
−θη̇r + γlocr . For nonlinear materials the stress is usually computed iteratively (see
for instance the general scheme of subsection 3.2.3 and the various specific schemes
for elastoplastic media in section 3.4). The thermomechanical concentration tensors
are also evaluated and if they differ signifficantly from those of the previous iteration
increment, then the first two parts are repeated.

3) Once the iteration process is completed, the updated tangent moduli Dε
r, Dθ

r ,
Rε

r, Rθ
r , and κr, as well as the updated concentration tensors Aε

r, Aθ
r , Aκ

r , for each
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phase are utilized in order to obtain the macroscopic thermomechanical tangent mod-
uli. The latter are computed through analogous relations with the periodic media, i.e.
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Table 6.1 presents the algorithmic scheme for solving the microscale (RVE) problem.
Also, Table 6.2 provides the general scheme that describes the constitutive law of a
material phase in a representative volume element.

Macroscale problem

Ignoring inertia forces, body forces and heat sources, the macroscopic problem
can be written in linearized incremental form as (see Table 5.1)

ðε = gradsymðu, ð∇θ = gradðθ,

div (σ + ðσ) = 0, div (q + ðq) = r + ðr, [6.58]
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The numerical procedure for the macroscale problem, which is shown in Table 6.3,
follows similar steps with the one in periodic media.
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where Dε denotes the mechanical tangent modulus. Similarly, the microscopic heat
flux can be written as

qupdated = q − κ ·δ∇θ, δ∇θ = gradδθ̃.

To ensure the existence and the uniqueness of solution of the microscale problem, the
fourth order tensor Dε and the second order thermal conductivity tensor κ need to
be positive definite at all times. Using the above linearized expressions, the micro-
equilibrium and the micro-energy balance are written as

div (σ +Dε:gradδũ) = 0, div
(
q − κ ·gradδθ̃

)
= 0. [5.58]

These conservation laws are accompanied by appropriate microscopic constitutive
laws to update the current stress σ and the energy rate term r = σ : ε̇ − Ė . With
regard to boundary conditions, periodicity of δũ, δθ̃ and antiperiodicity of σ ·n and
q ·n are imposed. The global system of equations is solved iteratively using a proce-
dure analogous to the one described in chapter 3. When the convergence is achieved
(i.e. when δũ and δθ̃ are almost zero), the time increments and the actual values of the
fluctuating terms ũ and θ̃ are evaluated, allowing all the microscopic quantities and
their averaged (macroscopic) counterparts of Table 5.1 to be computed. Moreover, the
thermomechanical tangent moduli Dε, Dθ , Rε, Rθ and κ at all microscopic points
can be calculated when the convergence is achieved (see chapter 3 for details). These
moduli are essential to obtain their macroscopic counterparts in the second part of the
unit cell problem. Table 5.4 illustrates the algorithmic scheme for the first part of the
unit cell problem. Table 5.5 provides the necessary constitutive law algorithm at each
microscopic point in the unit cell.

2) Once the first part is completed, the residual terms of the microscopic stress
and heat flux are assumed exactly zero. The strain, the temperature gradient, the
equilibrium equation and the conservation of energy at the microscale presented in
Table 5.1 are written in the linearized, incremental form as

ðε = ðε+ gradsymðũ, divðσ = 0,

ð∇θ = ð∇θ + gradðθ̃, divðq = 0. [5.59]

With regard to boundary conditions, periodicity of ðũ, ðθ̃ and antiperiodicity of
ðσ ·n, ðq ·n are imposed. Moreover, with the help of the thermomechanical tan-
gent moduli the increments of the stress and the scalar r can be expressed as

ðσ = Dε:ðε+Dθ
ðθ, ðr = Rε:ðε+Rθ

ðθ. [5.60]

Note that the microscopic tensors Dε, Dθ, Rε and Rθ are obtained at the end of the
first part of the unit cell problem. In sections 3.3 and 3.4 the analytical expressions of
these tensors per incremental step are presented for elastic and elastoplastic materials
respectively. Finally, the increment of the heat flux vector can be described in terms
of the temperature gradient vector by a linear law of the form

ðq = −κ ·ð∇θ, [5.61]
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where the tensor κ is the one obtained at the end of the first part of the unit cell
problem. Combining equations [5.59], [5.60] and [5.61] yields

div
(
Dε:ðε+Dθ

ðθ +Dε:gradðũ
)

= 0,

div
(
κ ·ð∇θ + κ ·gradðθ̃

)
= 0. [5.62]

The solution of the above homogeneous system (up to an arbitrary macroscopic con-
stant) is written in the form [ENE 83]

ðũ = ðε:χε + ðθ χθ, ðθ̃ = ð∇θ ·ψθ, [5.63]

where the third order tensorχε and the vectorsχθ ,ψθ are periodic and they are called
corrector terms. Substituting [5.63] in [5.62] yields

ðε:div
(
[Dε +Dε :̃ gradχε]T

)
+ ðθ div

(
Dθ +Dε:gradχθ

)
= 0,

ð∇θ ·div
([
κ+ κ ·̃ gradψθ

]T)
= 0.

The last expressions are valid for arbitrary values of the macroscale variables ðε, ðθ
and ð∇θ only if the corrector terms satisfy the linear equations 1

div
(
[Dε +Dε :̃ gradχε]T

)
= 0, div

(
Dθ +Dε:gradχθ

)
= 0,

div

([
κ+ κ ·̃ gradψθ

]T)
= 0. [5.64]

Using the solution [5.63], the increments of the other microscopic fields are written as

ðε = Aε:ðε+Aθ
ðθ,

ð∇θ = Aκ ·ð∇θ,

ðσ = Dε:Aε:ðε+
[
Dθ +Dε:Aθ

]
ðθ,

ðq = −κ ·Aκ ·ð∇θ,

ðr = Rε:Aε:ðε+
[
Rθ +Rε:Aθ

]
ðθ, [5.65]

where

Aε = I + I :̃ gradχε, Aθ = gradsymχ
θ, Aκ = I +

[
gradψθ

]T
, [5.66]

1. In indicial notation these expressions are written:

∂

∂xj

(
Dε

ijkl +Dε
ijmn

∂χε
klm

∂xn

)
= 0,

∂

∂xj

(

Dθ
ij +Dε

ijkl

∂χθ
k

∂xl

)

= 0,

∂

∂xi

(

κij + κik
∂ψθ

j

∂xk

)

= 0.
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See Chatzigeorgiou 
et. al (2018)
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Figure 6.8. Computational homogenization scheme.

Microscale problem

Once the macroscopic strain, temperature and temperature gradient are provided
by the macroscale analysis, the microscale problem is split in the following parts:

1) For a thermoelastic prediction, the microscale strain and temperature gradient
increments at each phase of the composite are calculated by the linearized form of the
relations [6.32],

∆εr = Aε
r :∆ε+Aθ

r∆θ, ∆∇θr = Aκ
r ·∆∇θ,

where the tensors Aε
r, Aθ

r and Aκ
r are provided by certain explicit formulas, according

to the followed approach (Mori-Tanaka, self consistent or PCW). The microscopic tan-
gent moduli Dε

r, Dθ
r at the first iteration are considered those of thermoelastic mate-

rials (elastic prediction). During the iteration process their value change according to
the evolution of the nonlinear mechanisms.

2) Using the microscopic strain εr, the microscopic temperature gradient∇θr and
the macro-temperature θ, the constitutive law of each material phase is utilized in order
to calculate the micro-stresses σr, the micro-heat fluxes qr and the quantities rr =
−θη̇r + γlocr . For nonlinear materials the stress is usually computed iteratively (see
for instance the general scheme of subsection 3.2.3 and the various specific schemes
for elastoplastic media in section 3.4). The thermomechanical concentration tensors
are also evaluated and if they differ signifficantly from those of the previous iteration
increment, then the first two parts are repeated.

3) Once the iteration process is completed, the updated tangent moduli Dε
r, Dθ

r ,
Rε

r, Rθ
r , and κr, as well as the updated concentration tensors Aε

r, Aθ
r , Aκ

r , for each

Tangent quantities
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phase are utilized in order to obtain the macroscopic thermomechanical tangent mod-
uli. The latter are computed through analogous relations with the periodic media, i.e.

Dε =
N∑

r=0

frD
ε
r :A

ε
r, Dθ =

N∑

r=0

fr
[
Dθ

r +Dε
r :A

θ
r

]
,

κ =
N∑

r=0

frκr ·Aκ
r ,

Rε =
N∑

r=0

frR
ε
r :A

ε
r, Rθ =

N∑

r=0

fr
[
Rθ

r +Rε
r :A

θ
r

]
. [6.57]

Table 6.1 presents the algorithmic scheme for solving the microscale (RVE) problem.
Also, Table 6.2 provides the general scheme that describes the constitutive law of a
material phase in a representative volume element.

Macroscale problem

Ignoring inertia forces, body forces and heat sources, the macroscopic problem
can be written in linearized incremental form as (see Table 5.1)

ðε = gradsymðu, ð∇θ = gradðθ,

div (σ + ðσ) = 0, div (q + ðq) = r + ðr, [6.58]

where

σ =
N∑

r=0

frσr, q =
N∑

r=0

frqr, r =
N∑

r=0

frrr, [6.59]

and

ðσ = Dε:ðε+Dθ
ðθ, ðq = −κ ·ð∇θ, ðr = Rε:ðε+Rθ

ðθ. [6.60]

The numerical procedure for the macroscale problem, which is shown in Table 6.3,
follows similar steps with the one in periodic media.
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are strain and temperature gradient related concentration tensors. It is recalled that I
denotes the fourth order symmetric identity tensor and I is the second order identity
tensor. Averaging of these fields over the unit cell yields the macroscopic tensors

Dε = ⟨Dε:Aε⟩ , Dθ =
〈
Dθ +Dε:Aθ

〉
, κ = ⟨κ ·Aκ⟩ ,

Rε = ⟨Rε:Aε⟩ , Rθ =
〈
Rθ +Rε:Aθ

〉
. [5.67]

Table 5.4. Algorithm for the first part of the unit cell problem

1. At time step n everything is known in both scales.

2. At time step n+ 1 and at a specific macro-iteration, ∆θ, ∆ε and
∆∇θ are provided by the macroscale analysis. At the beginning
of the micro-iterations (m∗ = 0) set at every microscopic point

∆ε = ∆ε, ∆∇θ = ∆∇θ, ∆ũ = 0, ∆θ̃ = 0.

3. At every microscopic point evaluate σ, r, q and the micro-tangent
thermomechanical moduli Dε, Dθ, Rε, Rθ, κ using the
micro-constitutive law.

4. Compute the virtual increments δũ and δθ̃ from the micro-
equilibrium and micro-energy equations

div (Dε : gradδũ+ σ) = 0, div
(
q − κ · gradδθ̃

)
= 0 ,

with periodic microscopic boundary conditions.

5. At every microscopic point update the micro-quantities

∆ũ = ∆ũ + δũ, δε = gradsymδũ, ∆ε = ∆ε+ δε,

∆θ̃ = ∆θ̃ + δθ̃, δ∇θ = gradδθ̃, ∆∇θ = ∆∇θ + δ∇θ.

6. At every microscopic point evaluate σ, r, q and the micro-tangent
thermomechanical moduli Dε, Dθ, Rε, Rθ, κ using the
micro-constitutive law.

7. If the convergence criterion is satisfied then continue with step 8,
else return to step 4.

8. Compute the macro-stress σ = ⟨σ⟩, the macro-heat flux q = ⟨q⟩
and the macro-scalar r = ⟨r⟩.
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equilibrium and micro-energy equations

div (Dε : gradδũ+ σ) = 0, div
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Table 5.5. Algorithm for the micro-constitutive law

1. At time step n everything is known in both scales.

2. At time step n+ 1 the time increments ∆ε and ∆∇θ are provided
by the first part of the unit cell problem. Moreover ∆θ is known
from the macroscale analysis.

3. The stress tensor σ, the internal variables ξ, the scalar r and the
heat flux q are computed through a constitutive law algorithm,
described in subsection 3.2.3.

4. The thermomechanical moduli Dε, Dθ, Rε, Rθ and κ are computed
from a tangent moduli algorithm, described in subsection 3.2.4.

Table 5.6. Algorithm for the second part of the unit cell problem

1. At every microscopic point in the unit cell the tensors Dε, Dθ, Rε,
Rθ and κ are provided by the first part of the unit cell problem.

2. Compute the correctors χε, χθ and ψθ from the equations

div
(
[Dε +Dε :̃ gradχε]T

)
= 0,

div
(
Dθ +Dε : gradχθ

)
= 0,

div

([
κ+ κ ·̃ gradψθ

]T)
= 0.

3. Evaluate the effective tangent moduli

Dε = ⟨Dε :Aε⟩ , Dθ =
〈
Dθ +Dε :Aθ

〉
, κ = ⟨κ ·Aκ⟩ ,

Rε = ⟨Rε :Aε⟩ , Rθ =
〈
Rθ +Rε :Aθ

〉
,

whereAε = I+I :̃ gradχε, Aθ = gradsymχ
θ, Aκ = I+

[
gradψθ

]T
.

Macroscale problem

The macroscale problem is solved using a numerical scheme analogous to the one
presented in Table 3.1 of chapter 3. Each macroscopic point is linked with a unit
cell that allows to compute macroscopic variables and tangent moduli. Ignoring body
forces, inertia forces and heat sources (radiation), the macroscopic equations of the
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Figure 6.8. Computational homogenization scheme.

Microscale problem

Once the macroscopic strain, temperature and temperature gradient are provided
by the macroscale analysis, the microscale problem is split in the following parts:

1) For a thermoelastic prediction, the microscale strain and temperature gradient
increments at each phase of the composite are calculated by the linearized form of the
relations [6.32],

∆εr = Aε
r :∆ε+Aθ

r∆θ, ∆∇θr = Aκ
r ·∆∇θ,

where the tensors Aε
r, Aθ

r and Aκ
r are provided by certain explicit formulas, according

to the followed approach (Mori-Tanaka, self consistent or PCW). The microscopic tan-
gent moduli Dε

r, Dθ
r at the first iteration are considered those of thermoelastic mate-

rials (elastic prediction). During the iteration process their value change according to
the evolution of the nonlinear mechanisms.

2) Using the microscopic strain εr, the microscopic temperature gradient∇θr and
the macro-temperature θ, the constitutive law of each material phase is utilized in order
to calculate the micro-stresses σr, the micro-heat fluxes qr and the quantities rr =
−θη̇r + γlocr . For nonlinear materials the stress is usually computed iteratively (see
for instance the general scheme of subsection 3.2.3 and the various specific schemes
for elastoplastic media in section 3.4). The thermomechanical concentration tensors
are also evaluated and if they differ signifficantly from those of the previous iteration
increment, then the first two parts are repeated.

3) Once the iteration process is completed, the updated tangent moduli Dε
r, Dθ

r ,
Rε

r, Rθ
r , and κr, as well as the updated concentration tensors Aε

r, Aθ
r , Aκ

r , for each
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where the tensor κ is the one obtained at the end of the first part of the unit cell
problem. Combining equations [5.59], [5.60] and [5.61] yields

div
(
Dε:ðε+Dθ

ðθ +Dε:gradðũ
)

= 0,

div
(
κ ·ð∇θ + κ ·gradðθ̃

)
= 0. [5.62]

The solution of the above homogeneous system (up to an arbitrary macroscopic con-
stant) is written in the form [ENE 83]

ðũ = ðε:χε + ðθ χθ, ðθ̃ = ð∇θ ·ψθ, [5.63]

where the third order tensorχε and the vectorsχθ ,ψθ are periodic and they are called
corrector terms. Substituting [5.63] in [5.62] yields

ðε:div
(
[Dε +Dε :̃ gradχε]T

)
+ ðθ div

(
Dθ +Dε:gradχθ

)
= 0,

ð∇θ ·div
([
κ+ κ ·̃ gradψθ

]T)
= 0.

The last expressions are valid for arbitrary values of the macroscale variables ðε, ðθ
and ð∇θ only if the corrector terms satisfy the linear equations 1

div
(
[Dε +Dε :̃ gradχε]T

)
= 0, div

(
Dθ +Dε:gradχθ

)
= 0,

div

([
κ+ κ ·̃ gradψθ

]T)
= 0. [5.64]

Using the solution [5.63], the increments of the other microscopic fields are written as

ðε = Aε:ðε+Aθ
ðθ,

ð∇θ = Aκ ·ð∇θ,

ðσ = Dε:Aε:ðε+
[
Dθ +Dε:Aθ

]
ðθ,

ðq = −κ ·Aκ ·ð∇θ,

ðr = Rε:Aε:ðε+
[
Rθ +Rε:Aθ

]
ðθ, [5.65]

where

Aε = I + I :̃ gradχε, Aθ = gradsymχ
θ, Aκ = I +

[
gradψθ

]T
, [5.66]

1. In indicial notation these expressions are written:

∂

∂xj

(
Dε

ijkl +Dε
ijmn

∂χε
klm

∂xn

)
= 0,

∂

∂xj

(

Dθ
ij +Dε

ijkl

∂χθ
k

∂xl

)

= 0,

∂

∂xi

(

κij + κik
∂ψθ

j

∂xk

)

= 0.
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3.2 Transition d’échelle non linéaire : approche incrémentale 33

forme incrémentale (équation 3.11). Par conséquent, l’équilibre au niveau macroscopique
en l’absence des forces de volume pour un incrément de temps macroscopique est donné
par l’équation 3.12.

�‡ (x) =ÈDÁ (x) : �Á (x)Í

=D
Á (x) : �Á (x) , ’x œ V, ’x œ V ,

(3.11)

div (�‡ (x)) = 0, ’x œ V, ’x œ V . (3.12)

avec �‡(x) l’incrément de tenseur de contrainte macroscopique associé au point
d’intégration macroscopique x pour chaque incrément de déformation macroscopique.
La relation entre la contrainte et la déformation macroscopique dans le cas non linéaire,
est donnée en notation de Voigt par l’équation 3.13.

D
Á est l’opérateur tangent mécanique macroscopique par incrément. Il est construit

de la même manière qu’en élasticité linéaire (voir section 2.2.5) en calculant la contrainte
macroscopique résultante des six états de déformation élémentaires écrits aussi en
notation de Voigt (équation 3.14) à chaque incrément de déformation macroscopique.
Cette technique, nommée technique de perturbation est réalisée via le concept de
nœuds de pilotage.
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(3.13)

Y
___________]

___________[

�Á(11) = (K 0 0 0 0 0)T

�Á(22) = (0 K 0 0 0 0)T

�Á(33) = (0 0 K 0 0 0)T

�Á(12) = (0 0 0 K 0 0)T

�Á(13) = (0 0 0 0 K 0)T

�Á(23) = (0 0 0 0 0 K)T

(3.14)

la composante ijkl de l’opérateur tangent macroscopique est calculée de la même
manière que pour le cas élastique présenté dans la section 2.2.5.

D
Á
ijkl = �‡ij(kl)

K
, ij, kl = 11, 22, 33, 12, 13, 23. (3.15)
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par l’équation 3.12.

�‡ (x) =ÈDÁ (x) : �Á (x)Í

=D
Á (x) : �Á (x) , ’x œ V, ’x œ V ,

(3.11)

div (�‡ (x)) = 0, ’x œ V, ’x œ V . (3.12)

avec �‡(x) l’incrément de tenseur de contrainte macroscopique associé au point
d’intégration macroscopique x pour chaque incrément de déformation macroscopique.
La relation entre la contrainte et la déformation macroscopique dans le cas non linéaire,
est donnée en notation de Voigt par l’équation 3.13.

D
Á est l’opérateur tangent mécanique macroscopique par incrément. Il est construit

de la même manière qu’en élasticité linéaire (voir section 2.2.5) en calculant la contrainte
macroscopique résultante des six états de déformation élémentaires écrits aussi en
notation de Voigt (équation 3.14) à chaque incrément de déformation macroscopique.
Cette technique, nommée technique de perturbation est réalisée via le concept de
nœuds de pilotage.
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Y
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�Á(11) = (K 0 0 0 0 0)T

�Á(22) = (0 K 0 0 0 0)T

�Á(33) = (0 0 K 0 0 0)T

�Á(12) = (0 0 0 K 0 0)T

�Á(13) = (0 0 0 0 K 0)T

�Á(23) = (0 0 0 0 0 K)T

(3.14)

la composante ijkl de l’opérateur tangent macroscopique est calculée de la même
manière que pour le cas élastique présenté dans la section 2.2.5.

D
Á
ijkl = �‡ij(kl)

K
, ij, kl = 11, 22, 33, 12, 13, 23. (3.15)
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Fig. 3. (a) The resected femur neck with a cavity of the size of the implant stem, (b) the position of the short stem implant, (c) the Metha prosthesis (Aesculap, Tuttlingen, 
Germany) with its porous stem surface in red color, (d) the collarSS n %, with its different surface areas, n = { 0 , 17 , 29 , 57 , 100 } that are covered with a porous layer. (For 
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) 
angular variations during one loading step. A detailed description 
of a hip joint prosthesis that enables in vivo measurements is re- 
ported elsewhere [25] . 

Conditions of perfect bonding/sticking friction are chosen for 
the porous implant surface with bone. This modeling applies to 
the collar-plate and to the porous stem surface. The assumption of 
sticking friction is based on both a press-fit along with a large co- 
efficient of friction (cof) right after THA, and on effective osseoin- 
tegration on a larger timescale. 

For the stem parts without surface porosity, two different cases 
are considered; frictionless contact, hence cof = 0 . 0 and cof = 0 . 25 . 
In the clearly unrealistic frictionless case of Fig. 1 (c) stem and 
bone merely interact by normal force which is the counterpart to 
the purely shear-mediated force transfer of the standard stem in 
Fig. 1 with its –similarly unrealistic– assumption of sticking fric- 
tion everywhere. A cof = 0 . 25 for the latter case is very likely to set 
an upper bound of friction for a Ti-alloy protected by a low-friction 
Diamond-Like Corbon (DLC) thin film, for details see Section 4 . 

Notice, that there are considerable uncertainties concerning the 
frictional contact conditions and the intensity of press-fit [26,27] . 
In this context, the definition of a common protocol or benchmark 
setting is still a shared but hardly fulfilled need of the modeling 
and simulation community. 
2.2.4. Measures in the numerical analysis 

The strain energy density (SED) is defined by means of the 
scalar-product of work-conjugate pairs of stress and strain tensors, 
here the Second Piola–Kirchhoff stress tensor S and the Green–
Lagrange strain tensor E , 
SED = 1 

V 
∫ 

V S : E dV . (4) 
SED is a widely accepted measure of mechanical stimulus for bone 
remodeling [4,32] , a detailed discussion can be found in the refer- 
ences [33–35] . 

The relative, percental SED deviation of the post-THA bone from 
the pre-THA bone is calculated according to 
SED diff = (SED post −THA − SED pre −THA )/ SED pre −THA . (5) 
A similar metric based on von-Mises stress instead of SED was pre- 
viously used [36,37] and referred to as Stress Shielding Intensity 
SSI. 

For a comparison among the implant variants and with the pre- 
surgery state the following indicators are used: (i) normal strain 
and normal stress distributions at the resection plane, (ii) SED dif- 
ferences according to (5) , (iii) a partitioning of force transfer into 
its collar and stem parts. Furthermore, (iv) the analysis is based on 

SED as well as the shear stress distributions along medial, lateral, 
ventral and dorsal paths in vicinity to the prosthesis surface. 
3. Results 
3.1. The load transfer in the natural femur 

Predominant loading conditions generally drive the remodeling 
processes within bone, which have resulted in the Young’s modu- 
lus distributions as displayed in Fig. 4 (a), (b); this shall be under- 
stood as the result of nature’s optimization processes. As a conse- 
quence, the post-surgical load transfer is best adapted to the exist- 
ing bone-structure and loads, if it induces the least action of remod- 
eling towards an altered bone structure. For that reason, preserving 
the characteristics of pre-THA force transmission through bone is 
optimal, since it does not drastically alter –lower or increase– lo- 
cal bone loading. This is the particular perspective of the present 
work and for that reason, pre-THA force transmission is the point 
of departure. 

Fig. 4 illustrates for the pre-surgical femur that the SED distri- 
bution follows the Young’s modulus distribution. This fact under- 
pins that stiffness attracts strain energy. Since the values of the 
cortex and the spongiosa differ by orders of magnitude, two dif- 
ferent scales are necessary to properly display the distributions of 
both SED and Young’s modulus, see the caption of Fig. 4 . 
3.2. Load transfer at interfaces 
3.2.1. The resection plane 

Fig. 5 displays the normal strain and corresponding normal 
stress distributions at the resection plane for various cases. In the 
corresponding cross section of pre-surgery bone, the pictures in 
Fig. 5 (a) indicate that strain is compressive at the medial site and 
that it exhibits a continuous decrease from the medial to the lat- 
eral site. At the lateral site minor tensile strains show up. The cor- 
responding stress distribution exhibits maxima at the medial and 
the lateral corticalis sites. Hence, the textbook picture of stress 
distributions in the femur neck being a superposition of a con- 
stant compressive stress state with a linear stress distribution from 
bending is somewhat oversimplified and the main reason for this 
deviation is the stiffness heterogeneity of bone. The results for the 
collarSS 0%/CO 4 case are shown in Fig. 5 (b); the normal stress dis- 
tribution comes relatively close to the natural femur both quali- 
tatively and quantitatively. By its stiffness the collar-plate induces 
higher compressive strains in the lateral cortex compared with the 
pre-THA state. 

For collarSS 17% as displayed in Fig. 5 (c), the resection plane 
is already considerably unloaded compared with the case of 
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Germany) with its porous stem surface in red color, (d) the collarSS n %, with its different surface areas, n = { 0 , 17 , 29 , 57 , 100 } that are covered with a porous layer. (For 
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) 
angular variations during one loading step. A detailed description 
of a hip joint prosthesis that enables in vivo measurements is re- 
ported elsewhere [25] . 

Conditions of perfect bonding/sticking friction are chosen for 
the porous implant surface with bone. This modeling applies to 
the collar-plate and to the porous stem surface. The assumption of 
sticking friction is based on both a press-fit along with a large co- 
efficient of friction (cof) right after THA, and on effective osseoin- 
tegration on a larger timescale. 

For the stem parts without surface porosity, two different cases 
are considered; frictionless contact, hence cof = 0 . 0 and cof = 0 . 25 . 
In the clearly unrealistic frictionless case of Fig. 1 (c) stem and 
bone merely interact by normal force which is the counterpart to 
the purely shear-mediated force transfer of the standard stem in 
Fig. 1 with its –similarly unrealistic– assumption of sticking fric- 
tion everywhere. A cof = 0 . 25 for the latter case is very likely to set 
an upper bound of friction for a Ti-alloy protected by a low-friction 
Diamond-Like Corbon (DLC) thin film, for details see Section 4 . 

Notice, that there are considerable uncertainties concerning the 
frictional contact conditions and the intensity of press-fit [26,27] . 
In this context, the definition of a common protocol or benchmark 
setting is still a shared but hardly fulfilled need of the modeling 
and simulation community. 
2.2.4. Measures in the numerical analysis 

The strain energy density (SED) is defined by means of the 
scalar-product of work-conjugate pairs of stress and strain tensors, 
here the Second Piola–Kirchhoff stress tensor S and the Green–
Lagrange strain tensor E , 
SED = 1 

V 
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V S : E dV . (4) 
SED is a widely accepted measure of mechanical stimulus for bone 
remodeling [4,32] , a detailed discussion can be found in the refer- 
ences [33–35] . 

The relative, percental SED deviation of the post-THA bone from 
the pre-THA bone is calculated according to 
SED diff = (SED post −THA − SED pre −THA )/ SED pre −THA . (5) 
A similar metric based on von-Mises stress instead of SED was pre- 
viously used [36,37] and referred to as Stress Shielding Intensity 
SSI. 

For a comparison among the implant variants and with the pre- 
surgery state the following indicators are used: (i) normal strain 
and normal stress distributions at the resection plane, (ii) SED dif- 
ferences according to (5) , (iii) a partitioning of force transfer into 
its collar and stem parts. Furthermore, (iv) the analysis is based on 

SED as well as the shear stress distributions along medial, lateral, 
ventral and dorsal paths in vicinity to the prosthesis surface. 
3. Results 
3.1. The load transfer in the natural femur 

Predominant loading conditions generally drive the remodeling 
processes within bone, which have resulted in the Young’s modu- 
lus distributions as displayed in Fig. 4 (a), (b); this shall be under- 
stood as the result of nature’s optimization processes. As a conse- 
quence, the post-surgical load transfer is best adapted to the exist- 
ing bone-structure and loads, if it induces the least action of remod- 
eling towards an altered bone structure. For that reason, preserving 
the characteristics of pre-THA force transmission through bone is 
optimal, since it does not drastically alter –lower or increase– lo- 
cal bone loading. This is the particular perspective of the present 
work and for that reason, pre-THA force transmission is the point 
of departure. 

Fig. 4 illustrates for the pre-surgical femur that the SED distri- 
bution follows the Young’s modulus distribution. This fact under- 
pins that stiffness attracts strain energy. Since the values of the 
cortex and the spongiosa differ by orders of magnitude, two dif- 
ferent scales are necessary to properly display the distributions of 
both SED and Young’s modulus, see the caption of Fig. 4 . 
3.2. Load transfer at interfaces 
3.2.1. The resection plane 

Fig. 5 displays the normal strain and corresponding normal 
stress distributions at the resection plane for various cases. In the 
corresponding cross section of pre-surgery bone, the pictures in 
Fig. 5 (a) indicate that strain is compressive at the medial site and 
that it exhibits a continuous decrease from the medial to the lat- 
eral site. At the lateral site minor tensile strains show up. The cor- 
responding stress distribution exhibits maxima at the medial and 
the lateral corticalis sites. Hence, the textbook picture of stress 
distributions in the femur neck being a superposition of a con- 
stant compressive stress state with a linear stress distribution from 
bending is somewhat oversimplified and the main reason for this 
deviation is the stiffness heterogeneity of bone. The results for the 
collarSS 0%/CO 4 case are shown in Fig. 5 (b); the normal stress dis- 
tribution comes relatively close to the natural femur both quali- 
tatively and quantitatively. By its stiffness the collar-plate induces 
higher compressive strains in the lateral cortex compared with the 
pre-THA state. 

For collarSS 17% as displayed in Fig. 5 (c), the resection plane 
is already considerably unloaded compared with the case of 
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Figure 4.1: Multiscale modeling strategy of architectured structures using deep neural networks

While the general idea behind the incorporation of AI based approaches in multiscale frameworks
is described in figure 4.1, specific considerations need to be addressed regarding the choice of the most
suitable neural network architectures. According to the study conducted in chapter 2, the robustness
of Recurrent Neural Networks has been highlighted as a reliable surrogate capable of handling path de-
pendant behaviors. While chapter 2 was only focused on modeling non-linear mechanical behaviors of
material points using RNN based models, the present chapter proposes to extend this reasoning to archi-
tectured structures under complex loading conditions (multi-axial and non proportional loading paths).
As presented in the state of art chapter, some contributions based on multi layer perceptrons architectures
have also been applied in a computational homogenization framework to accelerate multiscale simulations
[Le et al. 2015, Lu et al. 2018, Minh Nguyen-Thanh et al. 2020]. However, we recall that aforementioned
studies were limited to non-dissipative materials under proportional loading paths, thus leading to a sig-
nificant simplification of the problem. The present work differs from the previous studies in terms of the
employed ANN architecture where RNN are used instead of MLP to take into account the loading history
of dissipative architectured structures.

The fourth chapter of this manuscript is structured as follows: In section 4.2, a brief introduction to
the design, properties and application fields of architectured materials is presented. Then, the theoretical

Offline database

Replace FE2 with AI models:

Chapter 4. Accelerating Multiscale simulations of architectured materials using Deep
Neural Networks 103

of the future.

Figure 4.2: Ashby’s material selection chart of Young’s modulus - density [Ashby 2013]

Figure 4.3: Some examples of cellular architectured materials including strut-based lattices and TPMS
based lattices. Source : https://github.com/3MAH/microgen
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Chapitre 7. Numerical methods adapted to solve generic multi-mechanisms constitutive

equations

The increment of a function f(x, ẋ) can be written as

gf (n+1)(m) =
5

ˆf

ˆx

6(n+1)(m)
gx(n+1)(m)

+ 1
�t

5
ˆf

ˆẋ

6(n+1)(m)
gx(n+1)(m). (7.5)

The convergence in the FE analysis is reached once the increments g are close to zero. When
passing from the FE calculations to the material constitutive law, another iterative scheme
is required. In this second scheme, the current value is updated from iteration k to iteration
k + 1 per

x(n+1)(m+1)(k+1) = x(n+1)(m+1)(k) + ”x(n+1)(m+1)(k) or

�x(n+1)(m+1)(k+1) = �x(n+1)(m+1)(k) + ”x(n+1)(m+1)(k). (7.6)

Additionally, the time derivative of a quantity x is numerically discretized according to the
relation

ẋ(n+1)(m+1)(k)�t = x(n+1)(m+1)(k) ≠ x(n) = �x(n+1)(m+1)(k). (7.7)

The increment of a function f(x, ẋ) can be written as

”f (n+1)(m+1)(k) =
5

ˆf

ˆx

6(n+1)(m+1)(k)
”x(n+1)(m+1)(k)

+ 1
�t

5
ˆf

ˆẋ

6(n+1)(m+1)(k)
”x(n+1)(m+1)(k). (7.8)

The convergence in the constitutive law is reached once the increments ” are close to zero.

7.0.2 Material point mixed homogeneous solver

To solve the thermomechanical equilibrium at a material point (i.e. the conservation law of
linear momentum and energy) when a nonlinear material response is considered, a numerical
algorithm (’0-D’ solver) is developped. The conservation of angular momentum and second
principle are ensured considering a symmetrical Cauchy stress tensor and ensuring that “loc Ø
0 during the resolution of constitutive equations. We consider, at each time increment, a set
of seven prescribed boundary conditions. Indeed, the thermomechanical problem to solve is
composed, at most, of a set of seven scalar equations, six coming from the conservation of
linear momentum and one coming from the conservation of energy. The satisfaction of such
conservation law is fulfilled when, at the m-th iteration of time step n + 1 :

Model’s inputs : Incremental Strain tensor components 

Model’s outputs : Incremental Stress tensor components + 
internal variables (if any) 

Example 1 : Power-law hardening 
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Figure 2: Architecture of a Basic LSTM Neural Network unrolled through time

Figure 3: Architecture of a Stacked LSTM Neural Network unrolled through time used in the study

To measure the RNN predictive capabilities, a loss func-
tion L is introduced. For each time step t, a loss L

t
is defined

as the error between the RNN predicted values yp and true
output data ytrue. For the studied problem, the Mean Squared
Error (MSE) loss function is used:

L
t
= 1

N

N
…

⇠

y
(p)
t

* y
(true)
t

⇡2
, (47)

where N is the total number of training data.

The total Loss function L of the entire network can be
defined as the sum of each time step Loss L

t
.

L =
…L

t
. (48)

Gradient descent technique [23] consists on computing
loss function gradients with respects to RNN trained param-
eters (W

x
,W

h
,W

y
) and updates it after each Epoch k with a

learning rate ⌘ by the following expression:

W
(k+1)
ij

= W
(k)
ij

* ⌘
)L
)W

ij

. (49)

From figure 6, the expression of the hidden state h
t

and
the output y

t
for a standard RNN without taking into account

the biais b is given by:

h
t
= É�(W

x
x
t
+W

h
h
t*1), (50)
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The computation of )ht

)Wh

requires a special focus as
the hidden state h

t
depends on both W

h
and h

t*1, and the
computation of the previous hidden state h

t*1 also depends
on W

h
. Thus the parameter W

h
is shared across all the

previous time steps. Thus, the computation of )ht

)Wh

using the
chain rule yields to the following recursive expression:

)h
t

)W
h

=
) É�(W

x
x
t
+W

h
h
t*1)

)W
h

+
) É�(W

x
x
t
+W

h
h
t*1)

)h
t*1

)h
t*1

)W
h

.

For the sake of simplicity, we set the following variables
(a

t
,b
t
,c
t
) where:

a
t
=

)h
t

)W
h

,

b
t
=

) É�(W
x
x
t
+W

h
h
t*1)

)W
h

,

c
t
=

) É�(W
x
x
t
+W

h
h
t*1)

)h
t*1

.

The gradient computation satisfy the following recursive
equation:

a
t
= b

t
+ c

t
a
t*1.

The simplification of this recursive equation leads to the
final expression of a

t
:

a
t
= b

t
+

t*1
…

i=1

H

t
«

j=i+1
c
j

I

b
i
.

Thus, )ht

)Wh

is expressed as follows:
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• Computation of )Lt

)Wx

:

)L
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=
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The same above methodology is adopted to compute the
term )ht

)Wx

:
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For the LSTM models or Stacked LSTM, the same
reasoning behind BPPT workflow can be applied. The min-
imization of the loss function by gradient descent technique

is based on the computation of the partial derivatives of the
loss w.r.t the weights and bias associated to each cell gate.

Regarding the training process of RNN based models
using BPPT, we would like to point out that the minimization
of only an objective function such as MSE (See Eq 47) does
not necessarily ensure predictions that are consistent with
the knowledge of physical laws. In this paper, a new physics-
based loss function L'

t
is proposed for guiding model’s ther-

modynamic consistency for each time step t. L'

t
is defined

as follows :

L'

t
= 1

N

N
…

(y(p)
t

* y
(true)
t

)2 + �Relu(*�
loc
), (52)

where �
loc

is the intrinsic dissipation at each time step t.
For Elastoplastic with isotropic hardening constitutive

model, we recall that:

�
loc

= � : Ü"
p *Hp

n
Üp.

For Chaboche plasticity with combined isotropic and two
non-linear kinematic hardening model:

�
loc

= � : Ü"
p *X1 : Üa1 *X2 : Üa2 *

)H

)p
Üp.

The function ReLU is the Rectified Linear Unit defined
as follows :

Relu(x) =
<

0 for x < 0
x for x Œ 0

The total loss function L' of the model is defined as the
sum of L'

t
over all the time steps,

L' =
…L'

t
. (53)

It can be seen from equation 52, that L'

t
can be split into

two terms : The first term 1
N

≥N (y(p)
t

* y
(true)
t

)2 is the com-
mon MSE that measures the mean quadratic error between
the predicted values and true values. The second term is
where the thermodynamic consistency is taken into account
during ANN training phase. �Relu(*�

loc
) is a physical based

term that penalize the loss when the dissipative mechanical
work rate has negative value, it can be seen as a physical part
that constraint the model to respect the second principle of
thermodynamics during the training phase for all the time
steps. � is an hyperparameter that controls the degree of
regularization in the model. The e�ect of the physical term
during training can be summarized as follows :

• if �
loc

> 0 then Relu(*�
loc
) = 0 (No penalty on the

Loss function).
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Table 3

Evaluation of LSTM configurations training and validation performances

LSTM Number of hidden Output layer Training Validation loss

Configuration LSTM layers activation function loss NMSE (%) NMSE (%)

Config 1 1 Relu 10.20 % 10.38 %

Config 2 2 Relu 4.13 % 4.29 %

Config 3 1 Sigmoid 8.19 % 8.36 %

Config 4 2 Sigmoid 3.21 % 3.35 %

Config 5 1 Hyperbolic tangent 6.17 % 6.43 %

Config 6 2 Hyperbolic tangent 0.41 % 2.2 %

To asses the generalization and predictive capabilities
of the Standard Stacked LSTM after the training phase,
the model is evaluated on new multi-axial and non pro-
portional loading paths (test data set) to predict the result-
ing mechanical response. Figure 10 shows a comparison
between model’s predicted stress-strain responses and the
target values obtained via Simcoon simulations. At first
sight, it can be observed that the general trend of the stress
components is well captured by the Stacked LSTM despite
the complexity of the loading condition. Note that this
performance could not be achieved with basic LSTM model
with a single cell, hence the need of stacking LSTM cells
for reliable predictions. The quantification of model’s global
predictive quality can be demonstrated with the use of the
correlation plots shown in figure 10 where the coe�cient
of determination R

2 is very close to 1 for all the predicted
responses. Furthermore, the model is also able to predict the
change in stress-strain curve from the elastic to the plastic
domain. This first results proves the potential of RNN as
a surrogate model capable of modeling history dependant
mechanical behaviours, giving the possibility to potentially
substitute time integration schemes of systems of Partial
Derivative Equations (PDE) with an AI based model that
o�ers a significant advantage in terms of computational time
saving.

However, even if the coe�cient of determination R
2 is

close to 1 regarding the mechanical responses, we recall that
this coe�cient only provide a global estimation on model’s

reliability as it includes all the contributions from all the pre-
dicted values with respect to target values (See Equation 54).
Thus, it might seem more interesting to investigate model’s
accuracy when it comes to local behaviors at specific in-
crements. As shown in figure 10, a presence of small noise
during the transition from the elastic domain to the plastic
domain can be observed from most configurations on test
data set, these oscillations after direction change can have
a negative impact regarding the convergence of numerical
simulations. Furthermore, we noticed that the prediction of
the shear stress components �12 were not accurate compared
to the normal stress components in certain time steps, but
still follows the general trend of the response.

R
2 = 1 *

≥N

k=1(y
(k)
true

* y
(k)
p )2

≥N

k=1(y
(k)
true

* Ñy
true

)2
, (54)

- y(k)true : True values of test data set
- Ñytrue : Mean value of y

true

- y(k)p : Predicted values by the ANN
- N : Number of time steps

The verification of model’s thermodynamic consistency
is highlighted by predicting the various mechanical work
rates regarding the Elastoplastic with isotropic hardening
constitutive law. Figure 11 presents a comparison between
the predicted recoverable, irrecoverable, dissipative me-
chanical work rates by the Standard Stacked LSTM model
and the target values. As we recall that a proper formulation

Figure 7: Examples of multi-axial and non proportional loadings paths samples used as training data
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Figure 8: Histograms of elastic and inelastic strain components repartition on the database

Figure 9: Evolution of training (left figure) and validation errors (right figure) as a function of EPOCHS during Stacked
LSTM training for the tested LSTM configurations

of dissipative materials constitutive laws must follow the
thermodynamic principles, it can be observed from figure
11 that the predicted dissipative mechanical work rate is
negative during some time steps even if the overall predic-
tion still follows the general trend of the target dissipation.
Based on the thermodynamic framework of dissipative
materials developed in Section 2, this result contradicts the
second principle of thermodynamics that state that the local
generated entropy should always be greater than zero during
a dissipative mechanism. Thus, the respect of the second
principle couldn’t be achieved using the Standard Stacked
LSTM model with only a MSE as loss function. Using
a physics-guided RNN model ’ThC-RNN’, the following
subsection aims at investigating the e�ect of incorporating
physical based constraints during Stacked LSTM training
process to potentially satisfy the governing physical laws and
to achieve a thermodynamic consistency.

4.1.2. Prediction of the mechanical response using a
ThC-RNN - E�ect of the Thermodynamic
consistency on model’s accuracy

The developed ThC-RNN architecture is based on a
Stacked LSTM model with a physics-based loss function
whose expression in each time step t is given by Equation
52. ThC-RNN is trained with the same amount of data as the
previous model presented in subsection 4.1.1. The objective
being to verify ThC-RNN capabilities to accurately predict
the mechanical behaviour regarding the Elastoplastic with
isotropic hardening constitutive law as well as the respect of
the thermodynamic principles when computing the mechan-
ical work rate partition (recoverable part, irrecoverable part
and dissipative part).

Figure 12 present ThC-RNN predicted stress and the
target response under a test data loading path. Compared
to the previous model, it can be deduced that ThC-RNN
ensure a better performance while predicting the stress-strain
responses. Using ThC-RNN model, the transition from the
elastic to the plastic domain is smooth for the majority of
the test data set contrary to the previous model where small
noise was observed. The incorporation of thermodynamic
consistency also led to stable responses after change of
directions. Figure 13 describe the evolution of the predicted
internal variable p which the plastic multiplier. As shown in
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Figure 2: Architecture of a Basic LSTM Neural Network unrolled through time

Figure 3: Architecture of a Stacked LSTM Neural Network unrolled through time used in the study

To measure the RNN predictive capabilities, a loss func-
tion L is introduced. For each time step t, a loss L

t
is defined

as the error between the RNN predicted values yp and true
output data ytrue. For the studied problem, the Mean Squared
Error (MSE) loss function is used:

L
t
= 1

N

N
…

⇠

y
(p)
t

* y
(true)
t

⇡2
, (47)

where N is the total number of training data.

The total Loss function L of the entire network can be
defined as the sum of each time step Loss L

t
.

L =
…L

t
. (48)

Gradient descent technique [23] consists on computing
loss function gradients with respects to RNN trained param-
eters (W

x
,W

h
,W

y
) and updates it after each Epoch k with a

learning rate ⌘ by the following expression:

W
(k+1)
ij

= W
(k)
ij

* ⌘
)L
)W

ij

. (49)

From figure 6, the expression of the hidden state h
t

and
the output y

t
for a standard RNN without taking into account

the biais b is given by:

h
t
= É�(W

x
x
t
+W

h
h
t*1), (50)
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The computation of )ht

)Wh

requires a special focus as
the hidden state h

t
depends on both W

h
and h

t*1, and the
computation of the previous hidden state h

t*1 also depends
on W

h
. Thus the parameter W

h
is shared across all the

previous time steps. Thus, the computation of )ht

)Wh

using the
chain rule yields to the following recursive expression:

)h
t

)W
h

=
) É�(W

x
x
t
+W

h
h
t*1)

)W
h

+
) É�(W

x
x
t
+W

h
h
t*1)

)h
t*1

)h
t*1

)W
h

.

For the sake of simplicity, we set the following variables
(a

t
,b
t
,c
t
) where:

a
t
=

)h
t

)W
h

,

b
t
=

) É�(W
x
x
t
+W

h
h
t*1)

)W
h

,

c
t
=

) É�(W
x
x
t
+W

h
h
t*1)

)h
t*1

.

The gradient computation satisfy the following recursive
equation:

a
t
= b

t
+ c

t
a
t*1.

The simplification of this recursive equation leads to the
final expression of a

t
:

a
t
= b

t
+

t*1
…

i=1

H

t
«

j=i+1
c
j

I

b
i
.

Thus, )ht

)Wh

is expressed as follows:

)h
t

)W
h

=
) É�(W

x
x
t
+W

h
h
t*1)

)W
h

+

t*1
…

i=1

H

t
«

j=i+1

) É�(W
x
x
j
+W

h
h
j*1)

)h
j*1

I

) É�(W
x
x
i
+W

h
h
i*1)

)W
h

.

• Computation of )Lt

)Wx

:

)L
t

)W x
=

)L
t

)y
t

)y
t

)h
t

)h
t

)W
x

.

The same above methodology is adopted to compute the
term )ht

)Wx

:

)h
t

)W
x

=
) É�(W

x
x
t
+W

h
h
t*1)

)W
x

+

t*1
…

i=1

H

t
«

j=i+1

) É�(W
x
x
j
+W

h
h
j*1)

)h
j*1

I

) É�(W
x
x
i
+W

h
h
i*1)

)W
x

.

For the LSTM models or Stacked LSTM, the same
reasoning behind BPPT workflow can be applied. The min-
imization of the loss function by gradient descent technique

is based on the computation of the partial derivatives of the
loss w.r.t the weights and bias associated to each cell gate.

Regarding the training process of RNN based models
using BPPT, we would like to point out that the minimization
of only an objective function such as MSE (See Eq 47) does
not necessarily ensure predictions that are consistent with
the knowledge of physical laws. In this paper, a new physics-
based loss function L'

t
is proposed for guiding model’s ther-

modynamic consistency for each time step t. L'

t
is defined

as follows :

L'

t
= 1

N

N
…

(y(p)
t

* y
(true)
t

)2 + �Relu(*�
loc
), (52)

where �
loc

is the intrinsic dissipation at each time step t.
For Elastoplastic with isotropic hardening constitutive

model, we recall that:

�
loc

= � : Ü"
p *Hp

n
Üp.

For Chaboche plasticity with combined isotropic and two
non-linear kinematic hardening model:

�
loc

= � : Ü"
p *X1 : Üa1 *X2 : Üa2 *

)H

)p
Üp.

The function ReLU is the Rectified Linear Unit defined
as follows :

Relu(x) =
<

0 for x < 0
x for x Œ 0

The total loss function L' of the model is defined as the
sum of L'

t
over all the time steps,

L' =
…L'

t
. (53)

It can be seen from equation 52, that L'

t
can be split into

two terms : The first term 1
N

≥N (y(p)
t

* y
(true)
t

)2 is the com-
mon MSE that measures the mean quadratic error between
the predicted values and true values. The second term is
where the thermodynamic consistency is taken into account
during ANN training phase. �Relu(*�

loc
) is a physical based

term that penalize the loss when the dissipative mechanical
work rate has negative value, it can be seen as a physical part
that constraint the model to respect the second principle of
thermodynamics during the training phase for all the time
steps. � is an hyperparameter that controls the degree of
regularization in the model. The e�ect of the physical term
during training can be summarized as follows :

• if �
loc

> 0 then Relu(*�
loc
) = 0 (No penalty on the

Loss function).
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 r �
", "

p� = 1
2
⌅

" * "p
⇧

: L :
⌅

" * "p
⇧

, (14)

 ir (p) = f (p). (15)

L is the elastic stifness tensor and f (p) is the elastoplas-
tic hardening function.

Using equations 5 and 6, the associated constitutive
equation and the intrinsic dissipation are given by the fol-
lowing expressions:

� = L :
⌅

" * "p
⇧

, (16)

�loc = *
) r

)"p
: Ü"

p * ) ir

)p
Üp = � : Ü"

p * f
p
Üp, (17)

where f
p
= )f_)p.

For Von Mises type material with exponential isotropic
hardening, the yield surface is given by:

� = �
vM * f

p
* �

Y
= �

vM *Hpn * �
Y
, (18)

H and n are the hardening parameter and exponent
respectively. �

Y
is the yield stress limit and �vM is the Von

Mises equivalent stress.

�
vM =

u

3
2�

dev : �dev, �dev = � * 1
3 tr �I . (19)

Using the convex analysis for generalized standard ma-
terials [13], the evolution of the plastic strain using the flow
rule is given by the following set of equations:

Ü"
p = Üp⇤, ⇤ = )�

)� = 3
2
�
dev

�vM
. (20)

The Kuhn-Tucker conditions define the non-linear prob-
lem to be solved:

� f 0, Üp g 0, � Üp = 0. (21)

The corresponding mechanical powers for elastoplastic
materials with an exponential isotropic hardening can be
expressed using the definitions given in equations 8,9 and
10:

ÜWr
m = � : Ü" + ) r

)"p
: Ü"

p = � :
⌅

Ü" * Ü"
p⇧
, (22)

ÜWir
m = ) ir

)p
Üp = Hp

n
Üp, (23)

ÜWd
m = *) 

r

)"p
: Ü"

p * ) ir

)p
Üp = � : Ü"

p *Hpn Üp, (24)

2.2. Chaboche plasticity model with a combined
isotropic hardening and two non-linear
kinematic hardening

The present Chaboche plasticity model is a constitutive
law combining an isotropic and two nonlinear kinematic
hardening. This superposition results in a translation and
an expansion of material elastic domain.  r depends on
the total strain ", the plastic strain "p and the second order
tensors a1 and a2 related to the kinematic hardening.  ir is
expressed in terms of the internal variable p corresponding
to the accumulated plastic strain.

 
�

", "
p
,a1,a2, p

�

=  r �
", "

p
,a1,a2

�

+ ir (p), (25)

 r �
", "

p
,a1,a2

�

= 1
2
⌅

" * "p
⇧

: L :
⌅

" * "p
⇧

+ 1
3C1a1 : a1 +

1
3C2a2 : a2,

(26)

 ir (p) = H(p). (27)

The back stress tensors X1 and X2 are related to a1 and
a2 by the following expression:

X1 =
2
3C1a1 , X2 =

2
3C2a2, (28)

X = X1 +X2. (29)

The evolution equations of the kinematic variables X1
and X2 depends on the accumulated plastic strain p:

ÜX1 =
2
3C1 Ü"p *D1X1 Üp, (30)

ÜX2 =
2
3C2 Ü"p *D2X1 Üp. (31)

C1,D1,C2,D2 are material parameters related with kine-
matic hardening, the terms D1X1 Üp and D2X1 Üp correspond
to the material softening e�ect.

The evolution of the isotropic hardening function H(p)
as a function of the accumulated plastic strain p is given by
the following equation:

ÜH = b(Q *H) Üp. (32)

The parameter Q is defined as the asymptotic value of
the elastic limit and b is a parameter related to the speed of
evolution of the elastic limit.
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The parameter Q is defined as the asymptotic value of
the elastic limit and b is a parameter related to the speed of
evolution of the elastic limit.
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an expansion of material elastic domain.  r depends on
the total strain ", the plastic strain "p and the second order
tensors a1 and a2 related to the kinematic hardening.  ir is
expressed in terms of the internal variable p corresponding
to the accumulated plastic strain.
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 ir (p) = H(p). (27)

The back stress tensors X1 and X2 are related to a1 and
a2 by the following expression:

X1 =
2
3C1a1 , X2 =

2
3C2a2, (28)

X = X1 +X2. (29)

The evolution equations of the kinematic variables X1
and X2 depends on the accumulated plastic strain p:

ÜX1 =
2
3C1 Ü"p *D1X1 Üp, (30)

ÜX2 =
2
3C2 Ü"p *D2X1 Üp. (31)

C1,D1,C2,D2 are material parameters related with kine-
matic hardening, the terms D1X1 Üp and D2X1 Üp correspond
to the material softening e�ect.

The evolution of the isotropic hardening function H(p)
as a function of the accumulated plastic strain p is given by
the following equation:

ÜH = b(Q *H) Üp. (32)

The parameter Q is defined as the asymptotic value of
the elastic limit and b is a parameter related to the speed of
evolution of the elastic limit.
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L is the elastic stifness tensor and f (p) is the elastoplas-
tic hardening function.

Using equations 5 and 6, the associated constitutive
equation and the intrinsic dissipation are given by the fol-
lowing expressions:
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hardening, the yield surface is given by:
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Using equations 5 and 6, the associated constitutive
equation and the intrinsic dissipation are given by the fol-
lowing expressions:
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For combined isotropic and kinematic hardening, the
yield surface is given by the form:
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Using the convex analysis for generalized standard ma-
terials, the evolution of the plastic strain for a material
obeying Von Mises criterion is given by the following set
of equations:

Ü"
p = Üp⇤, ⇤ = 3[� *X]®

2J (� *X) . (36)

The Kuhn-Tucker conditions define the non-linear prob-
lem to be solved:

� f 0, Üp g 0, � Üp = 0. (37)

The corresponding work rates for Chaboche plasticity
model can be expressed using the definitions given in equa-
tions 8,9 and 10:
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3. Thermodynamically Consistent Recurrent
Neural Networks (ThC-RNN)

3.1. Neural Network architecture selection

As discussed in the introduction, the MLP neural net-
work architecture is not suitable for treating history de-
pendant behaviors given that no direct relationship exists
between the network inputs at a current time step and its
outputs from the previous time steps. To overcome this
challenge, the RNN architecture is introduced as a reliable
model capable of handling this history dependency. Figure
1 represents an illustration of the RNN architecture. The set
of variables (x

t
, y

t
,h

t
) are inputs, outputs and hidden state

vectors at the time step t respectively. (W
x
,W

y
,W

h
) are the

weight matrix related to each of the variables. As shown in
figure 1, the computation of the output vector y

t
at the time

step t requires both variables x
t
the input vector at the current

step t and h
t*1 the hidden state at the previous time step t*1.

The hidden state variable h plays a major role by taking into
account the history dependency as it allows the network to
carry the information from previous time steps onto future
predictions. For path dependant plasticity, we would like
that h contains some information about the current plastic
state of the material, in the same way internal variables like
accumulated plastic strains or back-stress tensors, does in
classical elastoplastic constitutive laws.

Figure 1: Reccurent Neural Network basic architecture

The training process of RNN is based on Backpropaga-
tion Through Time (BPTT) [28] algorithm. When dealing
with long sequences inputs, RNN training may su�er from
a common phenomenon known as vanishing and exploding
gradients. To solve this problem, Long Short Term Memory
(LSTM) Neural Network has been introduced in [14]. LSTM
architecture has been proven to be a successful formulation
of RNN as it is based on a gating mechanism, allowing the
network to control the flow of information within its gates.
As shown in figure 2, a basic LSTM cell consist on four main
gates, an input gate (for updating and adding new informa-
tion), a forget gate (for deciding which information is kept
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Using equations 5 and 6, the associated constitutive
equation and the intrinsic dissipation are given by the fol-
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178 Thermomechanical behavior of composites

– The developed framework reveals that a fully coupled thermomechanical anal-
ysis for periodic composites through homogenization has two significant differences
compared to a corresponding analysis for homogeneous materials:

i) The micro-equilibrium is solved at each macroscopic point under uniform
macroscopic temperature (which of course can vary from one unit cell to another),
while the balance of energy in the microscale includes only the heat conduction part.
Thus, the microscale equilibrium and energy equation are practically uncoupled and
they are solved separately, independently of how complicated the expressions of the
micro-energy potentials are. The coupling arising from the thermomechanical ener-
getic terms and the mechanical dissipation is taken into account only in the macroscale
energy equation (see Tables 5.1, 5.2 and 5.3).

ii) The linearized incremental formulation yields that the macroscopic tangent
moduli Rε and Rθ , given by the linearized equations [5.67]4,5, depend on a) their
microscopic counterparts (which are not involved in the solution of the microscale
problem since it is decoupled) and b) the concentration tensors obtained exclusively
from the solution of the micro-equations [5.64]1,2. This formalism is useful in the
case of random media, in which the Eshelby-based approaches provide analytical or
semi-analytical expressions for the concentration tensors Aε and Aθ [BEN 91].

– Combining the expression r = σ: ε̇− Ė with [5.47]1,3 or [5.47]2,4 yields

r = −θη̇ + γloc. [5.71]

In this representation, the r can be considered as the difference between the intrinsic
dissipation and the rate of thermal work. In the linearized, incremental formulation,
one can identify relations for the entropy and the dissipation increments of the form

ðη = Hε:ðε+Hθ
ðθ, ðγloc = Γε:ðε+ Γθ

ðθ. [5.72]

The first expression of [5.72] provides a constitutive relation between the entropy,
the temperature and the strain. Such type of constitutive law can be very useful (in
extended form) in the case of multiphysics homogenization problems with additional
fields like magnetic or electric [BRA 09]. The second expression of [5.72] is consid-
ered as a linearized representation of the intrinsic dissipation. Combining [5.71] and
[5.72] one obtains

ðr =

[
− θ

∆t
Hε + Γε

]
:ðε+

[
−∆η

∆t
− θ

∆t
Hθ + Γθ

]
ðθ. [5.73]

Comparing the last expression with [5.60]2 yields

Rε = − θ

∆t
Hε + Γε, Rθ = −∆η

∆t
− θ

∆t
Hθ + Γθ. [5.74]

– With regard to the unit cell problem (Tables 5.4 and 5.6), it is customary in the
literature to work with a displacement field of Suquet-type (equation [5.70]1) and not
only with the periodic part ũ. The periodicity condition at the boundaries is imposed
by relations of the form

∆u+ −∆u− = ∆ε · [x+ − x−],

Work to do here
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path. Compared to the previous model, it can be deduced that ThC-RNN ensure a better performance
while predicting the stress-strain responses. Using ThC-RNN model, the transition from the elastic to the
plastic domain is smooth for the majority of the test data set contrary to the previous model where small
noise was observed. The incorporation of thermodynamic consistency also led to stable responses after
change of directions. Figure 2.13 describe the evolution of the predicted internal variable p which is the
accumulated plastic strain. As shown in the correlation plot from figure 2.13, an excellent agreement is
observed between ThC-RNN predicted values and the targets for p, ThC-RNN model is therefore capable
of capturing accurately the evolution of this state variable. Therefore, we can assume that incorporation
of the physical laws during the training phase has a beneficial effect on model accuracy. Our assumption
to explain this result is that ThC-RNN is forced to regulate the predicted quantities in order to verify
the second principle of thermodynamics which is introduced as a physical constraint on the loss function.

To properly highlight the effect of the physical knowledge on model’s reliability, it might be more
interesting to evaluate the various mechanical work rates as done previously. Figure 2.14 shows a com-
parison between ThC-RNN predicted mechanical work rates and the target values. Fig. 2.15 shows a
comparison between the predicted mechanical work rates with a standard stacked LSTM model and with
ThC-RNN on the same example of test data. Regarding the dissipative mechanical work rate, it can
be noticed that the model is at least thermodynamically consistent as the intrinsic dissipation is always
greater or equal to zero with the respect to all the time steps. We recall that using the first model, the

Figure 2.12: Prediction of Stress-Strain responses with ThC-RNN model on an example of test data set
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2.4.4 Application to Finite Element Analysis

Figure 2.25: Geometry, boundary conditions and mesh of an elastoplastic 4 nodes bending beam

To assess the usefulness and the validity of the developed approach, ThC-RNN model is coupled with
a Finite Element Method (FEM) framework to simulate structures considering standard loading tests.
A case study of an elastoplastic 4 point bending test is considered, the mechanical properties of the
tested structure are given in Table 2.2. Figure 2.25 illustrates the geometry, boundary conditions and
the meshing of the tested structure. The beam is subjected to a displacement-controlled loading on its 2
top nodes at L

4 and 3L
4 . The incorporation of ThC-RNN model as surrogate of the material constitutive

law is done in a similar way to the User Material subroutines in Finite Element codes. For each time
increment t, each material Gauss integration point is subjected to an incremental strain ("t

ij
,�"ij), the

material mechanical state is then stored in the memory gate ct of the trained RNN (similarly to the
internal state variables), the input gate it, forget gate ft and output gate ot are updated to compute the
next hidden state ht which contains the predicted stress components �

t

ij
and the tangent matrix C

tan

ij
.

Using the predicted outputs, the structure global equilibrium is verified using Newton-Raphson iterative
scheme until the convergence of the simulation. In this study, ThC-RNN model was integrated with an
open source FE code Fedoo [Prulière & Chemisky 2022].

In order to verify the model’s reliability and efficiency when coupled with a FEM approach, the
same simulation is conducted using a FE approach which uses the original material constitutive law.
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Figure 2.26: Comparison of the Von-Mises stress distribution �VM obtained by a pure FE approach that
uses material original law (left figure) and by the integration of ThC-RNN as a surrogate in FE simulation
(right figure)

Figure 2.27: Comparison of the stress magnitude distribution �M obtained by a pure FE approach that
uses material original law (left figure) and by the integration of ThC-RNN as a surrogate in FE simulation
(right figure)

Figure 2.28: Comparison of the normal stress distribution �XX obtained by a pure FE approach that uses
material original law (left figure) and by the integration of ThC-RNN as a surrogate in FE simulation
(right figure)
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Figure 2.29: Comparison of the normal stress distribution �Y Y obtained by a pure FE approach that uses
material original law (left figure) and by the integration of ThC-RNN as a surrogate in FE simulation
(right figure)

Figure 2.30: Comparison of the normal stress distribution �ZZ obtained by a pure FE approach that uses
material original law (left figure) and by the integration of ThC-RNN as a surrogate in FE simulation
(right figure)

Figure 2.31: Comparison of the shear stress distribution �XY obtained by a pure FE approach that uses
material original law (left figure) and by the integration of ThC-RNN as a surrogate in FE simulation
(right figure)

Figure 2.32: Comparison of the strain magnitude distribution "M obtained by a pure FE approach that
uses material original law (left figure) and by the integration of ThC-RNN as a surrogate in FE simulation
(right figure)
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Figure 4.1: Multiscale modeling strategy of architectured structures using deep neural networks

While the general idea behind the incorporation of AI based approaches in multiscale frameworks
is described in figure 4.1, specific considerations need to be addressed regarding the choice of the most
suitable neural network architectures. According to the study conducted in chapter 2, the robustness
of Recurrent Neural Networks has been highlighted as a reliable surrogate capable of handling path de-
pendant behaviors. While chapter 2 was only focused on modeling non-linear mechanical behaviors of
material points using RNN based models, the present chapter proposes to extend this reasoning to archi-
tectured structures under complex loading conditions (multi-axial and non proportional loading paths).
As presented in the state of art chapter, some contributions based on multi layer perceptrons architectures
have also been applied in a computational homogenization framework to accelerate multiscale simulations
[Le et al. 2015, Lu et al. 2018, Minh Nguyen-Thanh et al. 2020]. However, we recall that aforementioned
studies were limited to non-dissipative materials under proportional loading paths, thus leading to a sig-
nificant simplification of the problem. The present work differs from the previous studies in terms of the
employed ANN architecture where RNN are used instead of MLP to take into account the loading history
of dissipative architectured structures.

The fourth chapter of this manuscript is structured as follows: In section 4.2, a brief introduction to
the design, properties and application fields of architectured materials is presented. Then, the theoretical
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4.3.2 Architectured materials database generation

The calibration of the LSTM model parameters requires an offline training phase involving a database
of numerical simulations on the RVE. Before proceeding to the description of the database generation
strategy, some clarifications needs to be addressed regarding the main hypothesis of this study. First, the
microstructure geometry is similar everywhere in the macrostructure, so that the same RVE is associated
to all Gauss integration points. The corresponding microstructure is an octet-truss architectured material
whose geometry and periodic mesh are illustrated in figure 4.3.2. The geometrical and mechanical prop-
erties of the constitutive material which is a titanium alloy Ti-6Al-4V are summarized on table 4.3. The
non-linear microscopic constitutive equation is an elastoplastic law with isotropic hardening. Therefore,
the only varying parameters while conducting RVE simulations is the applied loading conditions which
are characterised by the evolution of the macroscopic strain tensors "̄

(n).

Table 4.3: Mechanical properties of titanium alloy
Ti-6Al-4V and geometrical properties of the consid-
ered octet truss

Material parameter Value
Young’s modulus E 113800 MPa
Poisson’s ratio ⌫ 0.34
Yield Stress �Y 1000 MPa
Hardening parameter H 1600 Mpa
Plastic hardening exponent n 0.5
External cylinders radius Re 0.1
Internal cylinders radius Ri 0.05

Figure 4.3.2: Geometry and mesh of the octet
truss RVE (Number of nodes: 1694, Number

of elements: 8284)

The adopted strategy to generate the database D is described as follows: 10000 samples of micro-
scopic RVE simulations, subjected to periodic boundary conditions and to multi-axial and non propor-
tional loading paths, are generated using a finite element software Fedoo which relies on the Simcoon
library to solve the constitutive equations [Prulière & Chemisky 2022]. The necessary resources to ex-
ecute the simulations were provided by the computing facilities MCIA (Mésocentre de Calcul Intensif
Aquitain) of Université de Bordeaux. The applied loading conditions on RVE boundaries are three-
dimensional and can be expressed in terms of the six components of the macroscopic strain tensor
"̄
(n) = ["̄(n)11 , "̄

(n)
22 , "̄

(n)
33 , "̄

(n)
12 , "̄

(n)
13 , "̄

(n)
23 ]. To generate non-proportional loading paths, the total number of

time steps, which is fixed at 100, is divided into 4 steps of 25 increments. This number of increments
which is smaller than the one used to generate the database in Chapter 2 results in a compromise be-
tween a reasonable computational time, a good convergence of the Newton Raphson algorithm (too big
increments can leads to convergence difficulties) and a sufficient number of time iterations for an efficient
training. Each step is linear and the bounds values of each macroscopic strain are chosen randomly
from the interval I = [�5%, 5%]. Figure 4.11 shows some examples of 3D loading path configurations
used as training data. Some results of unit cells finite element computations are illustrated in figure
4.12: the associated microscopic fields are subsequently homogenized to obtain the macro fields. Finally,
the database D is constructed using the set of macroscopic quantities ("̄, �̄,Ctan) which are fed as time
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sequences to train the LSTM model. As usually, D is split into a training set T (90% of total samples),
a validation set V (20% of T ) and a test set T (10% of total samples).

Figure 4.11: Examples of multi-axial and non proportional loading conditions for RVE finite element
simulations

Figure 4.12: Examples of simulated octet-truss using FE analysis, the corresponding homogenized fields
are used as training data

4.3.3 Model training phase and hyperparameters selection

Following the database generation and features scaling, the next step is the training process of LSTM
models. For this purpose, two LSTM models have been created to predict separately each quantity of
interest, i.e the macroscopic stress �̄ and the macroscopic tangent stiffness Ctan. This approach is much
more practical than creating the same model to predict both quantities as they are of different nature, and
thus capturing the non-linear behaviors may require different parameter adjustments dependant on the
complexity of each model. Models implementation was carried out using Keras library [Chollet et al. 2015]
and Tensorflow API [Abadi et al. 2015]. Six different configurations of LSTM architectures were tested
by varying three activation functions (ReLU, Hyperbolic tangent and Sigmoid) and the number of LSTM
layers. This hyperparameter study aims to identify the most reliable model that minimizes training and
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Figure 4.15: The applied multi-axial and non proportional loading path on RVE boundaries for an example
of test data

Figure 4.16: LSTM predicted macroscopic stress-strain response in comparison to the RVE FE simulation
for an example of test data

We also assess the reliability of the second model for the prediction of macroscopic tangent matrix
Ctan. A good evaluation of the tangent operators is critical for the computation of non-linear hetero-
geneous structures within Newton-Raphson framework. Figure 4.17 illustrates the comparison between

Danoun et. al (2024)



Tangent modulus

27

Chapter 4. Accelerating Multiscale simulations of architectured materials using Deep
Neural Networks 118

tangent modulus components predictions and the target values from simulation for an example of test
data. We can observe from this example a good correspondence between the two quantities, the general
trend of the tangent moduli components is well captured by the LSTM during all the time steps. However,
the level of accuracy obtained for this quantity of interest is not as high as the precision achieved for the
stress components, which is completely expected given the discussion in the above subsection 4.3.3. In
addition, it can be noticed from figure 4.17 graphs a presence of small noise especially in the first time
increments, we can assume that vanishing gradient phenomena is potentially manifested in this area.
Nevertheless, it is important to note that these errors do not have a large influence on the overall model
reliability, the evidence is that the obtained MAPE on the test data samples is equal to 2.57%, which is
still a low value.

Figure 4.17: LSTM predicted macroscopic tangent matrix components in comparison to the RVE FE
simulation for an example of test data (Only the symmetric part and the significant components are
showed)

To conclude this section, we have presented the general framework of the FE-LSTM approach which
consists in replacing the FE resolution of the microscopic problem by an LSTM surrogate. This approach

Second LSTM network 
to predict the tangent 
modulus

Danoun et. al (2024)
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aims at accelerating multiscale simulations of non-linear heterogeneous structures. In the next section,
we propose to apply this approach for the structural analysis of 3D architected structures in real life
conditions. Since the RVE loading states are a priori unknown during multiscale simulations, the challenge
that arises is whether LSTM models have the ability to generalize the macroscopic behavior when the
RVE are subjected to loading paths that are not necessary based on linear steps employed in the training
process.

4.4 Applications of FE-LSTM model in multiscale analysis of 3D archi-
tectured structures

4.4.1 First validation test: Standard architectured specimen under tensile loading

In this first example, we propose to evaluate the FE-LSTM approach on a 3D architectured structure.
For this purpose, a standard specimen subjected to uniaxial tensile loading is considered as a validation
test. The macrostructure geometry, mesh and boundary conditions are presented in figure 4.18. The
specimen is meshed using 4-node tetrahedral elements TET4 with 4 Gauss integration points per element
and the entire mesh consist of 5100 Gauss points. For the microstructure, the same octet-truss used
during the training phase of LSTM models is considered as the RVE. The numerical implementation of
the FE-LSTM approach was performed in Python using a dedicated script that was integrated with Fedoo
finite element code [Prulière & Chemisky 2022]. The incorporation of LSTM models as a surrogate of the
macroscopic constitutive law is done in a similar way to the User Material subroutines in FE codes. Once
the LSTM training phase is completed, the corresponding trained weight matrices and bias vectors are
saved for each LSTM cell gates. These quantities are then used to compute incrementally the macroscopic
response within the LSTM framework by updating the appropriate cell gates and memory. Finally, the
predicted outputs are processed by Fedoo FE solver and the structure global equilibrium is verified using
Newton-Raphson iterative scheme. This process is executed until the convergence of the solution.

Figure 4.18: Geometry, mesh and boundary conditions of the tested architectured specimen under tensile
loading
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Figure 4.19: Comparison between the macroscopic stress fields �̄ obtained by FE2 and by FE-LSTM of
a standard architectured specimen under tensile loading
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The FE-LSTM approach is applied to compute the effective mechanical behavior of the architectured
specimen under tensile loading. The same multiscale simulation is conducted using a concurrent FE2

method in order to validate the developed approach. Figure 4.19 illustrates the distribution of the
macroscopic Von Mises stress �̄VM , normal stress (�̄XX , �̄ZZ) and shear stress �̄XZ obtained by FE2

and FE-LSTM. First of all, we would like to point out that the simulation convergence analysis has
been achieved using the same Newton-Raphson tolerance as the FE2 method. This preliminary result
highlights the predictive capability of LSTM models especially when computing the macroscopic tangent
modulus which are used to verify the structure global equilibrium. As for the accuracy of the predicted
macroscopic fields, it can be seen from Fig. 4.19 that a very good agreement is achieved by FE-LSTM
compared to FE2 for all macroscopic stress components. The stress localization in the specimen reduced
section is well captured by the FE-LSTM model and the predicted macroscopic stress fields �̄XX in the
loading direction are consistent with the resulting values obtained by FE2. In addition, we report the
average normalized error (MAPE in Eq.4.13) between FE-LSTM predicted stress components and the
target values using FE2 in table 4.7. The reliability of the FE-LSTM model is clearly demonstrated in this
case of application given the low MAPE values especially for the uniaxial macroscopic stress �̄XX . Based
on these encouraging preliminary results, we propose to apply the developed approach on a complex 3D
architectured structure as detailed in the next subsection.

Table 4.6: Macroscopic stress components MAPE values

Macroscopic stress components Stress �̄VM Stress �̄XX Stress �̄ZZ Stress �̄XZ

MAPE (%) 0.02 % 0.01 % 2.04 % 0.44 %

4.4.2 Application to a complex architectured structure under proportional and non
proportional loading paths

4.4.2.1 Case of a proportional loading path

In order to illustrate the flexibility of the FE-LSTM approach when applied to complex structures,
two application cases of a non-standard architectured specimens under proportional and non-proportional
loading are tested in this subsection. The first example consists of a 3D specimen, with a rather unusual
shape containing several holes, subjected to a uniaxial tensile loading. The macrostructure geometry, mesh
and boundary conditions are presented in Fig. 4.20. Dirichlet boundary conditions are applied to the the
heterogeneous structure. One extremity is fixed while the other is subjected to a displacement-controlled
loading. The specimen is meshed using 4-node tetrahedral elements TET4 with 4 Gauss integration points
per element and the full mesh is composed of 13400 Gauss points. The computation of the macroscopic
mechanical response of the heterogeneous structure is performed with FE-LSTM model and using FE2

method. Both approaches are compared according to different criteria including the accuracy of the
mechanical fields, simulation time and the required memory usage. Since the FE2 method is very time
consuming, the corresponding simulation is conducted using only 10 time increments while FE-LSTM is
performed using 100 time increments. The analysis results are presented in the figures 4.21 and 4.22.
Figure 4.21 illustrates the distribution of the macroscopic Von Mises stress �̄VM , normal stress �̄XX ,�̄Y Y
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and shear stress �̄XY obtained by FE2 and FE-LSTM. Regarding the macroscopic strain fields, figure
4.22 shows the distribution of the normal strain components ("̄XX , "̄Y Y ) and shear strain component "̄XY

respectively obtained by FE2 and by FE-LSTM.

Figure 4.20: Geometry, mesh and boundary conditions of an architectured specimen with holes under
tensile loading

As it can be seen from both figures, an excellent correspondence is observed between the macroscopic
fields predicted by FE-LSTM model and the targets computed by FE2. Despite the complexity of the
geometry, the developed model is able to accurately predict the non-linear homogenized response of the
architectured structure. Similarly to the FE2 approach, FE-LSTM is also capable of taking into account
the effect of the microstructure on the overall mechanical response of the macrostructure. In addition,
we can notice from the distribution of the macroscopic stress field in the loading direction �̄XX a stress
concentration effect due to the presence of holes. This stress localization is also captured by the FE-
LSTM in the specimen reduced cross-sectional area and its neighboring holes, which is expected given
the applied boundary conditions. In terms of values accuracy of the predicted macroscopic fields, a very
good agreement between the two approaches can be observed as well, given the low error values (MAPE)
reported in table 4.7. Furthermore, the maximum deviation of the macroscopic stress �̄XX between FE-
LSTM and FE2 for a Gauss point is at worst equal to 1%, which remains a reasonable error. From the
distribution of the macroscopic strain fields shown in figure 4.22, we can verify that the strain components
remain in the range of training data i.e in the interval I = [�5%, 5%]. As neural networks are known to
have poor extrapolation capabilities, it is always important to check this condition since a deformation
state outside the training database could result in inaccurate predictions or a failure in convergence of
the simulation.

We recall that the main objective of this study is the acceleration of multiscale simulations, therefore
a breakdown of the offline and online computational costs is required to highlight the efficiency of the
developed approach FE-LSTM. In table 4.8, the offline computing stage is given by the LSTM training
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Figure 4.21: Comparison between the macroscopic stress fields �̄ obtained by FE2 and by FE-LSTM of
a standard architectured specimen with holes under tensile loading
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Table 4.7: Macroscopic stress components MAPE values

Macroscopic stress components Stress �̄VM Stress �̄XX Stress �̄ZZ Stress �̄XZ

MAPE (%) 0.03 % 0.03 % 1.58 % 1.97 %

Table 4.8: Offline computational costs breakdown

Offline computations Database generation LSTM training

Computational time 70 hours 5.5 hours

phase and the database generation step. The LSTM training time (5.5 hours) remains acceptable since
ReLU was used as an activation. This function is computationally more efficient in backpropagation
compared to sigmoid or hyperbolic tangent, the training time is also three time faster. The database
generation was carried out using the computing facilities of the cluster MCIA, 10 machines of 32 CPU
each were involved in the creation of the database, parallel computing was also included in this process.
The resulting computational time for this phase is 70 hours. Although this offline procedure remains
expensive, major speed up can be achieved during the online computing stage. In addition, once the model
is trained, it can be applied to any heterogeneous structure having the same microstructure. In contrast,
the FE2 method require solving once again non-linear problems on each macroscopic integration point at
each iteration for any new simulation. FE-LSTM based approaches are therefore more interesting in the
design of heterogeneous structures for examples, as they allow to quickly perform parametric analysis by
varying the structure geometry or the loading conditions with respect to the desired performances.

For the online computing stage, table 4.9 summarizes the required computational time and memory
usage for both approaches FE-LSTM and FE2. The simulation of the heterogeneous structure took nearly
5 days using FE2 while it only took 102 seconds using FE-LSTM, thus resulting in a computational time
saving factor of 4235. This speed up factor is actually underestimated since only 10 time steps are used in
the FE2 simulation unlike the FE-LSTM model where 100 increments are applied. In reality, this factor
can reach an order of 40 000 for two simulations performed with the same number of time steps, which
is very highly significant. However, we would like to point out that the FE2 approach used in this study
has not been optimized for parallel computing, but we nevertheless believe that the speed up factor will
not be affected too much, as the simulations with the developed method are performed within seconds.
The achievable gains with FE-LSTM are not only related to the gain in computational time, but also to
the computing resources. As shown in table 4.9, FE2 simulation required a memory usage of 1.07 TB
while the FE-LSTM only used 120 MB. The FE2 simulation involved the use of a bigmem machine of
3TB RAM from the MCIA cluster, which is not always affordable. In contrast, the FE-LSTM simulation
could be carried out in a desktop computer without any need for expensive computing resources.
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ReLU was used as an activation. This function is computationally more efficient in backpropagation
compared to sigmoid or hyperbolic tangent, the training time is also three time faster. The database
generation was carried out using the computing facilities of the cluster MCIA, 10 machines of 32 CPU
each were involved in the creation of the database, parallel computing was also included in this process.
The resulting computational time for this phase is 70 hours. Although this offline procedure remains
expensive, major speed up can be achieved during the online computing stage. In addition, once the model
is trained, it can be applied to any heterogeneous structure having the same microstructure. In contrast,
the FE2 method require solving once again non-linear problems on each macroscopic integration point at
each iteration for any new simulation. FE-LSTM based approaches are therefore more interesting in the
design of heterogeneous structures for examples, as they allow to quickly perform parametric analysis by
varying the structure geometry or the loading conditions with respect to the desired performances.

For the online computing stage, table 4.9 summarizes the required computational time and memory
usage for both approaches FE-LSTM and FE2. The simulation of the heterogeneous structure took nearly
5 days using FE2 while it only took 102 seconds using FE-LSTM, thus resulting in a computational time
saving factor of 4235. This speed up factor is actually underestimated since only 10 time steps are used in
the FE2 simulation unlike the FE-LSTM model where 100 increments are applied. In reality, this factor
can reach an order of 40 000 for two simulations performed with the same number of time steps, which
is very highly significant. However, we would like to point out that the FE2 approach used in this study
has not been optimized for parallel computing, but we nevertheless believe that the speed up factor will
not be affected too much, as the simulations with the developed method are performed within seconds.
The achievable gains with FE-LSTM are not only related to the gain in computational time, but also to
the computing resources. As shown in table 4.9, FE2 simulation required a memory usage of 1.07 TB
while the FE-LSTM only used 120 MB. The FE2 simulation involved the use of a bigmem machine of
3TB RAM from the MCIA cluster, which is not always affordable. In contrast, the FE-LSTM simulation
could be carried out in a desktop computer without any need for expensive computing resources.
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and shear stress �̄XY obtained by FE2 and FE-LSTM. Regarding the macroscopic strain fields, figure
4.22 shows the distribution of the normal strain components ("̄XX , "̄Y Y ) and shear strain component "̄XY

respectively obtained by FE2 and by FE-LSTM.

Figure 4.20: Geometry, mesh and boundary conditions of an architectured specimen with holes under
tensile loading

As it can be seen from both figures, an excellent correspondence is observed between the macroscopic
fields predicted by FE-LSTM model and the targets computed by FE2. Despite the complexity of the
geometry, the developed model is able to accurately predict the non-linear homogenized response of the
architectured structure. Similarly to the FE2 approach, FE-LSTM is also capable of taking into account
the effect of the microstructure on the overall mechanical response of the macrostructure. In addition,
we can notice from the distribution of the macroscopic stress field in the loading direction �̄XX a stress
concentration effect due to the presence of holes. This stress localization is also captured by the FE-
LSTM in the specimen reduced cross-sectional area and its neighboring holes, which is expected given
the applied boundary conditions. In terms of values accuracy of the predicted macroscopic fields, a very
good agreement between the two approaches can be observed as well, given the low error values (MAPE)
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LSTM and FE2 for a Gauss point is at worst equal to 1%, which remains a reasonable error. From the
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remain in the range of training data i.e in the interval I = [�5%, 5%]. As neural networks are known to
have poor extrapolation capabilities, it is always important to check this condition since a deformation
state outside the training database could result in inaccurate predictions or a failure in convergence of
the simulation.

We recall that the main objective of this study is the acceleration of multiscale simulations, therefore
a breakdown of the offline and online computational costs is required to highlight the efficiency of the
developed approach FE-LSTM. In table 4.8, the offline computing stage is given by the LSTM training
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Figure 4.21: Comparison between the macroscopic stress fields �̄ obtained by FE2 and by FE-LSTM of
a standard architectured specimen with holes under tensile loading
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Table 4.9: Online computational costs breakdown: The simulation of the non-linear architectured struc-
ture is performed using 100 time increments with FE-LSTM and 10 time increments with FE2

FE2 FE-LSTM Computational time Memory usage
simulation simulation saving factor saving factor

Online simulation time 5 days 102 seconds 4235 –

Memory usage 1.07 TB 120 MB – 8917
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4.4.3 Illustration of the achievable capabilities with FE-LSTM model for highly
refined meshed architectured structures

The last example of this section is intended to illustrate the achievable performance by FE-LSTM
approaches for heterogeneous structures with highly refined mesh. This investigation is motivated by
the following reason: Refined meshes (sometimes involving millions of degrees of freedom) and small
increments are sometimes required to ensure a numerical convergence structures with complex geometry
and boundary conditions. As a consequence, the corresponding computational times can be extremely
long. In addition, this kind of simulations are very demanding in terms of computing resources (memory,
number of CPUs). It requires sometimes the usage of high performance machines with characteristics that
are not easily accessible. We propose here, through a concrete illustrative example, to show the possibility
of conducting this kind of multiscale simulations without the use of dedicated numerical resources, i.e
only with a desktop computer using the FE-LSTM approach. The example considered in this study is a
bracket whose geometry, associated RVE, mesh and boundary conditions are given in figure 4.25. The
bracket is meshed using 4-node tetrahedral elements TET4 with 4 Gauss integration points per element.
The macrostructure mesh is composed of 282824 Gauss points, which is indeed a very fine mesh. The
heterogeneous structure is fixed on one extremity (Face B) and subjected to a compressive loading at the
other end (Face A). In figure 4.26, the Von Mises stress �̄VM distribution on the architectured bracket is
given. Qualitatively speaking, the obtained results seem very accurate and consistent given the applied
loading and boundary conditions. The stress concentration around the central hole is well captured by
FE-LSTM model and the distribution of the stress fields is rather smooth.

Figure 4.25: Geometry, mesh and boundary conditions of an architectured bracket under a compressive
load
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Figure 4.26: Macroscopic Von Misses stress �̄VM distribution

As shown in table 4.10, the execution of this simulation with FE-LSTM model took 35 minutes (using
100 time increments). On the other hand, the same simulation would have taken 105 days using a classic
FE2 with only 10 time steps, thus resulting in a speedup of 4320. Furthermore, if both simulations are
conducted with the same number of time increments, this computational time saving factor could be
estimated at nearly 40000. This factor is calculated based on the required computational time of FE2 in
the previous examples (standard specimen in subsection 4.4.1 and specimen with holes in subsection 4.4.2).
Note that this factor assumes that FE2 was not optimized for parallel computing and without specific
treatment. Another interesting feature of FE-LSTM approach is that the total simulation time including
database generation, training phase (5hours) and online simulation (35 min) is still insignificant compared
to required FE2 computational time (105 days). In this kind of application that involves highly refined
meshes, there exists a threshold at which it is more interesting to train an LSTM model using a limited
number of microscopic evaluations than to perform the entire multiscale simulation using FE2. In terms of
memory usage, the required RAM to compute the homogenized response is estimated 22.58 TB with FE2

while FE-LSTM only need 2.5 GB, which is compatible with typical desktop computers characteristics.
22 TB of RAM makes the simulation challenging to carry out as even bigmem machines are usually
limited to 3 TB of RAM. Conducting this type of multiscale simulation require specific treatment of the
memory and usually involve domain decomposition methods. To conclude this subsection, we highlighted
through an illustrative example the flexibility of FE-LSTM approach for applications involving highly
refined (sometimes exaggerated) meshes. Even for these extreme cases, the FE-LSTM method is not

Not possible with FE2:

Estimated RAM : 22.84 TB
Estimated comp time (1 CPU) 105 days

FE – RNN :
RAM : 2.5 GB
Comp time : 35 min
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Fig. 3. (a) The resected femur neck with a cavity of the size of the implant stem, (b) the position of the short stem implant, (c) the Metha prosthesis (Aesculap, Tuttlingen, 
Germany) with its porous stem surface in red color, (d) the collarSS n %, with its different surface areas, n = { 0 , 17 , 29 , 57 , 100 } that are covered with a porous layer. (For 
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) 
angular variations during one loading step. A detailed description 
of a hip joint prosthesis that enables in vivo measurements is re- 
ported elsewhere [25] . 

Conditions of perfect bonding/sticking friction are chosen for 
the porous implant surface with bone. This modeling applies to 
the collar-plate and to the porous stem surface. The assumption of 
sticking friction is based on both a press-fit along with a large co- 
efficient of friction (cof) right after THA, and on effective osseoin- 
tegration on a larger timescale. 

For the stem parts without surface porosity, two different cases 
are considered; frictionless contact, hence cof = 0 . 0 and cof = 0 . 25 . 
In the clearly unrealistic frictionless case of Fig. 1 (c) stem and 
bone merely interact by normal force which is the counterpart to 
the purely shear-mediated force transfer of the standard stem in 
Fig. 1 with its –similarly unrealistic– assumption of sticking fric- 
tion everywhere. A cof = 0 . 25 for the latter case is very likely to set 
an upper bound of friction for a Ti-alloy protected by a low-friction 
Diamond-Like Corbon (DLC) thin film, for details see Section 4 . 

Notice, that there are considerable uncertainties concerning the 
frictional contact conditions and the intensity of press-fit [26,27] . 
In this context, the definition of a common protocol or benchmark 
setting is still a shared but hardly fulfilled need of the modeling 
and simulation community. 
2.2.4. Measures in the numerical analysis 

The strain energy density (SED) is defined by means of the 
scalar-product of work-conjugate pairs of stress and strain tensors, 
here the Second Piola–Kirchhoff stress tensor S and the Green–
Lagrange strain tensor E , 
SED = 1 

V 
∫ 

V S : E dV . (4) 
SED is a widely accepted measure of mechanical stimulus for bone 
remodeling [4,32] , a detailed discussion can be found in the refer- 
ences [33–35] . 

The relative, percental SED deviation of the post-THA bone from 
the pre-THA bone is calculated according to 
SED diff = (SED post −THA − SED pre −THA )/ SED pre −THA . (5) 
A similar metric based on von-Mises stress instead of SED was pre- 
viously used [36,37] and referred to as Stress Shielding Intensity 
SSI. 

For a comparison among the implant variants and with the pre- 
surgery state the following indicators are used: (i) normal strain 
and normal stress distributions at the resection plane, (ii) SED dif- 
ferences according to (5) , (iii) a partitioning of force transfer into 
its collar and stem parts. Furthermore, (iv) the analysis is based on 

SED as well as the shear stress distributions along medial, lateral, 
ventral and dorsal paths in vicinity to the prosthesis surface. 
3. Results 
3.1. The load transfer in the natural femur 

Predominant loading conditions generally drive the remodeling 
processes within bone, which have resulted in the Young’s modu- 
lus distributions as displayed in Fig. 4 (a), (b); this shall be under- 
stood as the result of nature’s optimization processes. As a conse- 
quence, the post-surgical load transfer is best adapted to the exist- 
ing bone-structure and loads, if it induces the least action of remod- 
eling towards an altered bone structure. For that reason, preserving 
the characteristics of pre-THA force transmission through bone is 
optimal, since it does not drastically alter –lower or increase– lo- 
cal bone loading. This is the particular perspective of the present 
work and for that reason, pre-THA force transmission is the point 
of departure. 

Fig. 4 illustrates for the pre-surgical femur that the SED distri- 
bution follows the Young’s modulus distribution. This fact under- 
pins that stiffness attracts strain energy. Since the values of the 
cortex and the spongiosa differ by orders of magnitude, two dif- 
ferent scales are necessary to properly display the distributions of 
both SED and Young’s modulus, see the caption of Fig. 4 . 
3.2. Load transfer at interfaces 
3.2.1. The resection plane 

Fig. 5 displays the normal strain and corresponding normal 
stress distributions at the resection plane for various cases. In the 
corresponding cross section of pre-surgery bone, the pictures in 
Fig. 5 (a) indicate that strain is compressive at the medial site and 
that it exhibits a continuous decrease from the medial to the lat- 
eral site. At the lateral site minor tensile strains show up. The cor- 
responding stress distribution exhibits maxima at the medial and 
the lateral corticalis sites. Hence, the textbook picture of stress 
distributions in the femur neck being a superposition of a con- 
stant compressive stress state with a linear stress distribution from 
bending is somewhat oversimplified and the main reason for this 
deviation is the stiffness heterogeneity of bone. The results for the 
collarSS 0%/CO 4 case are shown in Fig. 5 (b); the normal stress dis- 
tribution comes relatively close to the natural femur both quali- 
tatively and quantitatively. By its stiffness the collar-plate induces 
higher compressive strains in the lateral cortex compared with the 
pre-THA state. 

For collarSS 17% as displayed in Fig. 5 (c), the resection plane 
is already considerably unloaded compared with the case of 
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angular variations during one loading step. A detailed description 
of a hip joint prosthesis that enables in vivo measurements is re- 
ported elsewhere [25] . 

Conditions of perfect bonding/sticking friction are chosen for 
the porous implant surface with bone. This modeling applies to 
the collar-plate and to the porous stem surface. The assumption of 
sticking friction is based on both a press-fit along with a large co- 
efficient of friction (cof) right after THA, and on effective osseoin- 
tegration on a larger timescale. 

For the stem parts without surface porosity, two different cases 
are considered; frictionless contact, hence cof = 0 . 0 and cof = 0 . 25 . 
In the clearly unrealistic frictionless case of Fig. 1 (c) stem and 
bone merely interact by normal force which is the counterpart to 
the purely shear-mediated force transfer of the standard stem in 
Fig. 1 with its –similarly unrealistic– assumption of sticking fric- 
tion everywhere. A cof = 0 . 25 for the latter case is very likely to set 
an upper bound of friction for a Ti-alloy protected by a low-friction 
Diamond-Like Corbon (DLC) thin film, for details see Section 4 . 

Notice, that there are considerable uncertainties concerning the 
frictional contact conditions and the intensity of press-fit [26,27] . 
In this context, the definition of a common protocol or benchmark 
setting is still a shared but hardly fulfilled need of the modeling 
and simulation community. 
2.2.4. Measures in the numerical analysis 

The strain energy density (SED) is defined by means of the 
scalar-product of work-conjugate pairs of stress and strain tensors, 
here the Second Piola–Kirchhoff stress tensor S and the Green–
Lagrange strain tensor E , 
SED = 1 

V 
∫ 

V S : E dV . (4) 
SED is a widely accepted measure of mechanical stimulus for bone 
remodeling [4,32] , a detailed discussion can be found in the refer- 
ences [33–35] . 

The relative, percental SED deviation of the post-THA bone from 
the pre-THA bone is calculated according to 
SED diff = (SED post −THA − SED pre −THA )/ SED pre −THA . (5) 
A similar metric based on von-Mises stress instead of SED was pre- 
viously used [36,37] and referred to as Stress Shielding Intensity 
SSI. 

For a comparison among the implant variants and with the pre- 
surgery state the following indicators are used: (i) normal strain 
and normal stress distributions at the resection plane, (ii) SED dif- 
ferences according to (5) , (iii) a partitioning of force transfer into 
its collar and stem parts. Furthermore, (iv) the analysis is based on 

SED as well as the shear stress distributions along medial, lateral, 
ventral and dorsal paths in vicinity to the prosthesis surface. 
3. Results 
3.1. The load transfer in the natural femur 

Predominant loading conditions generally drive the remodeling 
processes within bone, which have resulted in the Young’s modu- 
lus distributions as displayed in Fig. 4 (a), (b); this shall be under- 
stood as the result of nature’s optimization processes. As a conse- 
quence, the post-surgical load transfer is best adapted to the exist- 
ing bone-structure and loads, if it induces the least action of remod- 
eling towards an altered bone structure. For that reason, preserving 
the characteristics of pre-THA force transmission through bone is 
optimal, since it does not drastically alter –lower or increase– lo- 
cal bone loading. This is the particular perspective of the present 
work and for that reason, pre-THA force transmission is the point 
of departure. 

Fig. 4 illustrates for the pre-surgical femur that the SED distri- 
bution follows the Young’s modulus distribution. This fact under- 
pins that stiffness attracts strain energy. Since the values of the 
cortex and the spongiosa differ by orders of magnitude, two dif- 
ferent scales are necessary to properly display the distributions of 
both SED and Young’s modulus, see the caption of Fig. 4 . 
3.2. Load transfer at interfaces 
3.2.1. The resection plane 

Fig. 5 displays the normal strain and corresponding normal 
stress distributions at the resection plane for various cases. In the 
corresponding cross section of pre-surgery bone, the pictures in 
Fig. 5 (a) indicate that strain is compressive at the medial site and 
that it exhibits a continuous decrease from the medial to the lat- 
eral site. At the lateral site minor tensile strains show up. The cor- 
responding stress distribution exhibits maxima at the medial and 
the lateral corticalis sites. Hence, the textbook picture of stress 
distributions in the femur neck being a superposition of a con- 
stant compressive stress state with a linear stress distribution from 
bending is somewhat oversimplified and the main reason for this 
deviation is the stiffness heterogeneity of bone. The results for the 
collarSS 0%/CO 4 case are shown in Fig. 5 (b); the normal stress dis- 
tribution comes relatively close to the natural femur both quali- 
tatively and quantitatively. By its stiffness the collar-plate induces 
higher compressive strains in the lateral cortex compared with the 
pre-THA state. 

For collarSS 17% as displayed in Fig. 5 (c), the resection plane 
is already considerably unloaded compared with the case of 
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Localization problems

Inverse problems, we want to predict local fields

be applied to very general structures of data, which can be represented as
graphs. Finite Element meshes are particularly adapted to a graph represen-
tation, since they share structural characteristics as they both involve nodes
(vertices) and connections (edges). The latter represents the geometric con-
nectivity between nodes. GNNs appear as a very adapted framework for the
task of local stress field reconstruction. Moreover, Finite element mesh data
can present di↵erent resolutions in terms of local mesh refinement, which is
di�cult to represent in a grid based approach.

3. Divergence free constraint Graph Neural Networks for local
stress reconstruction

Figure 1: Overview of the proposed local stress reconstruction method using GNN.

The Graph Neural Network will be applied next as a localization model,
with the task of reconstructing the local stress field � on a periodic mesh
M, given only the mean mechanical response �̄ (see Figure 1). Local field
reconstruction is understood here as predicting the stress field values at each
node of the mesh, i.e. at each vertex of the corresponding GNN. Note that
since this graph corresponds to a finite element mesh, interpolation functions
can be used to reconstruct a continuous piecewise mechanical field.

The microstructure mesh is therefore represented as a graph that encodes
topological features such as node positions and mean mechanical properties,
which are uniformly assigned to all nodes. Edge information is represented
by the Euclidean distance between nodes. To account for periodicity, we
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Fig. 3. (a) The resected femur neck with a cavity of the size of the implant stem, (b) the position of the short stem implant, (c) the Metha prosthesis (Aesculap, Tuttlingen, 
Germany) with its porous stem surface in red color, (d) the collarSS n %, with its different surface areas, n = { 0 , 17 , 29 , 57 , 100 } that are covered with a porous layer. (For 
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) 
angular variations during one loading step. A detailed description 
of a hip joint prosthesis that enables in vivo measurements is re- 
ported elsewhere [25] . 

Conditions of perfect bonding/sticking friction are chosen for 
the porous implant surface with bone. This modeling applies to 
the collar-plate and to the porous stem surface. The assumption of 
sticking friction is based on both a press-fit along with a large co- 
efficient of friction (cof) right after THA, and on effective osseoin- 
tegration on a larger timescale. 

For the stem parts without surface porosity, two different cases 
are considered; frictionless contact, hence cof = 0 . 0 and cof = 0 . 25 . 
In the clearly unrealistic frictionless case of Fig. 1 (c) stem and 
bone merely interact by normal force which is the counterpart to 
the purely shear-mediated force transfer of the standard stem in 
Fig. 1 with its –similarly unrealistic– assumption of sticking fric- 
tion everywhere. A cof = 0 . 25 for the latter case is very likely to set 
an upper bound of friction for a Ti-alloy protected by a low-friction 
Diamond-Like Corbon (DLC) thin film, for details see Section 4 . 

Notice, that there are considerable uncertainties concerning the 
frictional contact conditions and the intensity of press-fit [26,27] . 
In this context, the definition of a common protocol or benchmark 
setting is still a shared but hardly fulfilled need of the modeling 
and simulation community. 
2.2.4. Measures in the numerical analysis 

The strain energy density (SED) is defined by means of the 
scalar-product of work-conjugate pairs of stress and strain tensors, 
here the Second Piola–Kirchhoff stress tensor S and the Green–
Lagrange strain tensor E , 
SED = 1 

V 
∫ 

V S : E dV . (4) 
SED is a widely accepted measure of mechanical stimulus for bone 
remodeling [4,32] , a detailed discussion can be found in the refer- 
ences [33–35] . 

The relative, percental SED deviation of the post-THA bone from 
the pre-THA bone is calculated according to 
SED diff = (SED post −THA − SED pre −THA )/ SED pre −THA . (5) 
A similar metric based on von-Mises stress instead of SED was pre- 
viously used [36,37] and referred to as Stress Shielding Intensity 
SSI. 

For a comparison among the implant variants and with the pre- 
surgery state the following indicators are used: (i) normal strain 
and normal stress distributions at the resection plane, (ii) SED dif- 
ferences according to (5) , (iii) a partitioning of force transfer into 
its collar and stem parts. Furthermore, (iv) the analysis is based on 

SED as well as the shear stress distributions along medial, lateral, 
ventral and dorsal paths in vicinity to the prosthesis surface. 
3. Results 
3.1. The load transfer in the natural femur 

Predominant loading conditions generally drive the remodeling 
processes within bone, which have resulted in the Young’s modu- 
lus distributions as displayed in Fig. 4 (a), (b); this shall be under- 
stood as the result of nature’s optimization processes. As a conse- 
quence, the post-surgical load transfer is best adapted to the exist- 
ing bone-structure and loads, if it induces the least action of remod- 
eling towards an altered bone structure. For that reason, preserving 
the characteristics of pre-THA force transmission through bone is 
optimal, since it does not drastically alter –lower or increase– lo- 
cal bone loading. This is the particular perspective of the present 
work and for that reason, pre-THA force transmission is the point 
of departure. 

Fig. 4 illustrates for the pre-surgical femur that the SED distri- 
bution follows the Young’s modulus distribution. This fact under- 
pins that stiffness attracts strain energy. Since the values of the 
cortex and the spongiosa differ by orders of magnitude, two dif- 
ferent scales are necessary to properly display the distributions of 
both SED and Young’s modulus, see the caption of Fig. 4 . 
3.2. Load transfer at interfaces 
3.2.1. The resection plane 

Fig. 5 displays the normal strain and corresponding normal 
stress distributions at the resection plane for various cases. In the 
corresponding cross section of pre-surgery bone, the pictures in 
Fig. 5 (a) indicate that strain is compressive at the medial site and 
that it exhibits a continuous decrease from the medial to the lat- 
eral site. At the lateral site minor tensile strains show up. The cor- 
responding stress distribution exhibits maxima at the medial and 
the lateral corticalis sites. Hence, the textbook picture of stress 
distributions in the femur neck being a superposition of a con- 
stant compressive stress state with a linear stress distribution from 
bending is somewhat oversimplified and the main reason for this 
deviation is the stiffness heterogeneity of bone. The results for the 
collarSS 0%/CO 4 case are shown in Fig. 5 (b); the normal stress dis- 
tribution comes relatively close to the natural femur both quali- 
tatively and quantitatively. By its stiffness the collar-plate induces 
higher compressive strains in the lateral cortex compared with the 
pre-THA state. 

For collarSS 17% as displayed in Fig. 5 (c), the resection plane 
is already considerably unloaded compared with the case of 

Obtain local fields from a FE 
simulation using an effective model 

Can IA help of should we rely on full-field 
simulations?



Use of graph Neural Network
Graph neural networks (Message Passing)

Figure 7: Layer after layer, nodes have access to more graph nodes and a more graph structure-aware
embedding

Source : Towards Data Science
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3.1. Representing mesh as a graph
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Figure 2: Scheme of the graph representation of a mesh, node labeling in function of

topological features and periodic edges added to reinforce message passing

To construct a graph representation of the periodic mesh, mesh nodes are
labeled according to their position. As shown in Figure 2, nodes are classified
into internal nodes, internal surface nodes, and external surface nodes using
a label ↵. To enhance message passing, additional edges are introduced
between boundary nodes. The feature information for these additional edges
is set to zero. An alternative method for representing periodicity is to merge
boundary nodes, but this approach makes it challenging to assign Cartesian
positions to the a↵ected nodes.

We define M = (V , E) as an undirected homogeneous graph representing
a finite element method (FEM) mesh. Each node vi 2 V is associated with
a feature vector vi = (�̄, pi,↵i), where:
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To construct a graph representation of the periodic mesh, mesh nodes are
labeled according to their position. As shown in Figure 2, nodes are classified
into internal nodes, internal surface nodes, and external surface nodes using
a label ↵. To enhance message passing, additional edges are introduced
between boundary nodes. The feature information for these additional edges
is set to zero. An alternative method for representing periodicity is to merge
boundary nodes, but this approach makes it challenging to assign Cartesian
positions to the a↵ected nodes.

We define M = (V , E) as an undirected homogeneous graph representing
a finite element method (FEM) mesh. Each node vi 2 V is associated with
a feature vector vi = (�̄, pi,↵i), where:
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is a node feature node vector, 

�̄ 2 R3 represents the mean stress values (�̄xx, �̄yy, �̄xy) uniformly assigned
to all nodes.

pi 2 R2 denotes the spatial coordinates of node vi.
↵i 2 {�1, 0, 1} is an identifier indicating whether the node belongs to

an internal surface, an internal node, or is subject to periodic boundary
conditions (as illustrated in the legend of Figure 2).

Each edge (vi, vj) 2 E is associated with a feature vector eij 2 R that
encodes the Euclidean distance dist(pj, pi) 2 R between the spatial coordi-
nates of nodes vi and vj. To account for periodicity, additional edges are
introduced between boundary nodes, with the edge feature vector for these
edges set to zero. This periodic edge enhancement is visualized in Figure
2, where purple edges represent the added periodic edges. This approach
facilitates more e↵ective message passing and improves the model’s ability
to capture periodicity within the mesh.

3.2. Implemented Model

The model implemented for this study follows a Encode-Message Passing-
Decode architecture, a framework that has been successfully used to predict
stress, strain, and displacement fields in mesh data [24, 25, 26].

The proposed GNN model is used as a mapping function:

GNN(vi,M) 7! (�̂xxi , �̂yyi , �̂xyi) (14)

allowing to estimate local stress fields values �̂i for each node vi using
mesh structure features represented as a graph M.

The architecture of the GNN consists of three components:
Encoder: The encoder processes the input node feature vectors, vi, and

edge feature vectors, eij, projecting them into corresponding latent spaces,
v0
i 2 RH and e0

ij 2 RH . This transformation is achieved using two indepen-
dent multi-layer perceptrons (MLPs): ✏V for node features and ✏E for edge
features. The transformations are defined as follows:

v0
i = ✏V (vi), e0

ij = ✏E(eij), (15)

where H denotes the dimensionality of the latent space. Using the trans-
formed features, a latent graph M0 = (V 0, E 0) is constructed. It is important
to emphasize that this encoding process operates solely on the feature vectors
of the graph and does not consider its structural information.
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Figure 1: Diagram of MESHGRAPHNETS operating on our SPHEREDYNAMIC domain (video). The
model uses an Encode-Process-Decode architecture trained with one-step supervision, and can be
applied iteratively to generate long trajectories at inference time. The encoder transforms the input
mesh M t into a graph, adding extra world-space edges. The processor performs several rounds of
message passing along mesh edges and world edges, updating all node and edge embeddings. The
decoder extracts the acceleration for each node, which is used to update the mesh to produce M t+1.

the discretization during rollouts, budgeting greater computational resources for important regions
of the simulation domain.

Together, our method allows us to learn the dynamics of vastly different physical systems, from
cloth simulation over structural mechanics to fluid dynamics directly from data, providing only very
general biases such as spatial equivariance. We demonstrate that by using mesh-space computation
we can reliably model materials with a rest state such as elastics, which are challenging for mesh-
free prediction models [37]. MESHGRAPHNETS outperform particle- and grid-based baselines, and
can generalize to more complex dynamics than those on which it was trained.

2 RELATED WORK

Modelling high-dimensional physics problems with deep learning algorithms has become an area of
great research interest in fields such as computational fluid dynamics. High resolution simulations
are often very slow, and learned models can provide faster predictions, reducing turnaround time for
workflows in engineering and science [16, 6, 49, 20, 1]. Short run times are also a desirable property
for fluid simulation in visualization and graphics [46, 41, 47]. Learned simulations can be useful
for real-world predictions where the physical model, parameters or boundary conditions are not
fully known [12]. Conversely, the accuracy of predictions can be increased by including specialized
knowledge about the system modelled in the form of loss terms [43, 23], or by physics-informed
feature normalization [40].

The methods mentioned above are based on convolutional architectures on regular grids. Although
this is by far the most widespread architecture for learning high-dimensional physical systems, re-
cently there has been an increased interest in particle-based representations, which are particularly
attractive for modelling the dynamics of free-surface liquids and granular materials. Ladicky et
al. [22] use random forests to speed up liquid simulations. Various works [24, 42, 37] use graph
neural networks (GNNs) [38, 4] to model particle-based granular materials and fluids, as well as
glassy dynamics [3]. Learned methods can improve certain aspects of classical FEM simulations,
e.g. more accurate handling of strongly nonlinear displacements [25] or learned elements which di-
rectly map between forces and displacements [10]. Finally, dynamics of high dimensional systems
can be learned in reduced spaces. Holden et al. [18] performs PCA decomposition on cloth data, and
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(mostly close to the fiber-matrix boundary of high stress and strain gradient, as  in48), contributing to accuracy 
drops. Remarkably, also complex stress patterns, as for the shear stress, σ12 , with low amplitude (compared to the 
main component σ11 ) are captured by our predictions, as shown in Fig. S2. Deformation and stress field compari-
sons for other RVEs in the test dataset are reported in Fig. S3 and S4. While often equivalent stress distributions, 
such as von Mises stress, are adopted as single  output45,48, our model learns not only the whole stress tensor 
(i.e., multiple components) field but also the corresponding deformed shape (Fig. 2C). Learning the mechanics 
of microstructures with different fiber’s radii (thus, volume fraction), the proposed model can thus accurately 
predict the small and finite deformation, and stress field in both dilute and dense fiber-reinforced composites.

Deformation and stress field evolution. In the earlier results on fiber composite microstructures, the 
ML model was trained separately for different levels of macroscopic applied strain. Here, we investigate whether 
our model can simultaneously learn multiple loading steps at different magnitudes i.e., the evolution of defor-
mation and stress field. To demonstrate the ability of the model to predict large local deformations, we first 
consider the same previous dataset but subject to displacement boundary conditions (instead of PBCs). In this 
way, harnessing the graph structure of the mesh to inform the ML model on the boundary conditions, a vector, 
uBCi = (u(1,BC )

i , 0) representing the applied displacement on the i-th node, is introduced as additional node fea-
ture (i.e., BC in Fig. 1) . To further reduce the computational cost for training data generation and model train-
ing, a coarser mesh and linear elasticity are here adopted, and only 100 total data are considered. Without the 
hypothesis of plasticity, the macroscopic stress-strain responses are linear (less complex); this hence reduces the 
amount of required training data. Five loading steps are linearly sampled in the range 1–8 % of effective applied 
strain (ratio between the applied displacement and the RVE’ size) for each microstructure, treating the temporal 
variable (i.e., loading steps) as a parametrization of the data distribution i.e., a sequence of graphs. In addition, 
to make the approach more general (for future applications on path-dependent problems), we insert two recur-
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Figure 2.  Predicting elasticity and plasticity in transversally loaded unidirectional fiber composites. (A) 
Examples of RVEs from the dataset having different fiber volume fraction. (B) A typical RVE ( fv=37.55 % ) 
subject to macroscopic uniaxial tension strain ( ε ) together with the corresponding macroscopic stress-strain 
curve. The symbols in the plot indicate small ( ε =1 % ) and large ( ε =6 % ) deformations, corresponding to 
linear elasticity and plasticity, respectively. (C) Comparison of the FE simulated (i.e., ground truth) and ML 
predicted deformed mesh for ε =6 % . (D) Comparison of the ML predicted and FE simulated stress fields in 
the RVE shown in (B), randomly chosen from the test dataset, for small and large deformations, with the 
corresponding error map (i.e., difference between prediction and ground truth). The stress fields are plotted over 
the corresponding deformed shapes (exact relative scale between small and large deformations), while the error 
maps are shown in the undeformed configuration. Analogous results for the shear stress field ( σ12 ) are reported 
in Supplementary Materials. 4
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drops. Remarkably, also complex stress patterns, as for the shear stress, σ12 , with low amplitude (compared to the 
main component σ11 ) are captured by our predictions, as shown in Fig. S2. Deformation and stress field compari-
sons for other RVEs in the test dataset are reported in Fig. S3 and S4. While often equivalent stress distributions, 
such as von Mises stress, are adopted as single  output45,48, our model learns not only the whole stress tensor 
(i.e., multiple components) field but also the corresponding deformed shape (Fig. 2C). Learning the mechanics 
of microstructures with different fiber’s radii (thus, volume fraction), the proposed model can thus accurately 
predict the small and finite deformation, and stress field in both dilute and dense fiber-reinforced composites.

Deformation and stress field evolution. In the earlier results on fiber composite microstructures, the 
ML model was trained separately for different levels of macroscopic applied strain. Here, we investigate whether 
our model can simultaneously learn multiple loading steps at different magnitudes i.e., the evolution of defor-
mation and stress field. To demonstrate the ability of the model to predict large local deformations, we first 
consider the same previous dataset but subject to displacement boundary conditions (instead of PBCs). In this 
way, harnessing the graph structure of the mesh to inform the ML model on the boundary conditions, a vector, 
uBCi = (u(1,BC )

i , 0) representing the applied displacement on the i-th node, is introduced as additional node fea-
ture (i.e., BC in Fig. 1) . To further reduce the computational cost for training data generation and model train-
ing, a coarser mesh and linear elasticity are here adopted, and only 100 total data are considered. Without the 
hypothesis of plasticity, the macroscopic stress-strain responses are linear (less complex); this hence reduces the 
amount of required training data. Five loading steps are linearly sampled in the range 1–8 % of effective applied 
strain (ratio between the applied displacement and the RVE’ size) for each microstructure, treating the temporal 
variable (i.e., loading steps) as a parametrization of the data distribution i.e., a sequence of graphs. In addition, 
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subject to macroscopic uniaxial tension strain ( ε ) together with the corresponding macroscopic stress-strain 
curve. The symbols in the plot indicate small ( ε =1 % ) and large ( ε =6 % ) deformations, corresponding to 
linear elasticity and plasticity, respectively. (C) Comparison of the FE simulated (i.e., ground truth) and ML 
predicted deformed mesh for ε =6 % . (D) Comparison of the ML predicted and FE simulated stress fields in 
the RVE shown in (B), randomly chosen from the test dataset, for small and large deformations, with the 
corresponding error map (i.e., difference between prediction and ground truth). The stress fields are plotted over 
the corresponding deformed shapes (exact relative scale between small and large deformations), while the error 
maps are shown in the undeformed configuration. Analogous results for the shear stress field ( σ12 ) are reported 
in Supplementary Materials.
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�̄ 2 R3 represents the mean stress values (�̄xx, �̄yy, �̄xy) uniformly assigned
to all nodes.

pi 2 R2 denotes the spatial coordinates of node vi.
↵i 2 {�1, 0, 1} is an identifier indicating whether the node belongs to

an internal surface, an internal node, or is subject to periodic boundary
conditions (as illustrated in the legend of Figure 2).

Each edge (vi, vj) 2 E is associated with a feature vector eij 2 R that
encodes the Euclidean distance dist(pj, pi) 2 R between the spatial coordi-
nates of nodes vi and vj. To account for periodicity, additional edges are
introduced between boundary nodes, with the edge feature vector for these
edges set to zero. This periodic edge enhancement is visualized in Figure
2, where purple edges represent the added periodic edges. This approach
facilitates more e↵ective message passing and improves the model’s ability
to capture periodicity within the mesh.

3.2. Implemented Model

The model implemented for this study follows a Encode-Message Passing-
Decode architecture, a framework that has been successfully used to predict
stress, strain, and displacement fields in mesh data [24, 25, 26].

The proposed GNN model is used as a mapping function:

GNN(vi,M) 7! (�̂xxi , �̂yyi , �̂xyi) (14)

allowing to estimate local stress fields values �̂i for each node vi using
mesh structure features represented as a graph M.

The architecture of the GNN consists of three components:
Encoder: The encoder processes the input node feature vectors, vi, and

edge feature vectors, eij, projecting them into corresponding latent spaces,
v0
i 2 RH and e0

ij 2 RH . This transformation is achieved using two indepen-
dent multi-layer perceptrons (MLPs): ✏V for node features and ✏E for edge
features. The transformations are defined as follows:

v0
i = ✏V (vi), e0

ij = ✏E(eij), (15)

where H denotes the dimensionality of the latent space. Using the trans-
formed features, a latent graph M0 = (V 0, E 0) is constructed. It is important
to emphasize that this encoding process operates solely on the feature vectors
of the graph and does not consider its structural information.
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2 – Message passing

Message Passing: This module operates on the latent graph M0, incor-
porating the graph’s structural features (e.g., the connections between nodes)
through L message-passing steps. During each step, the module updates the
edge and node feature vectors using two separate multi-layer perceptrons: �
for edge features and � for node features. For a given message step layer
l 2 [1, 2, . . . , L] the transformations are defined as follows:

The edge feature vectors e0
ij are updated based on the features of the

connected nodes and the edge itself:

e00
ij = �(l)(v0

i,v
0
j, e

0
ij) where e00

ij 2 RH . (16)

The node feature vectors v0
i are updated using the aggregated messages

from their neighbors, N (i), as follows:

v00
i = �(l)

0

@v0
i,

X

j2N (i)

e00
ij

1

A where v00
i 2 RH . (17)

Unlike the Encoder module, the message-passing module explicitly uses
the graph’s structural information by incorporating the set of neighbors,
N (i), for each node. The number of message-passing steps, L, is a hyperpa-
rameter that determines how far information propagates across the graph.

Residual connections are incorporated into the MLPs � and �. Addition-
ally, the same parameters for � and � are reused across all L message-passing
steps. After completing L steps, the resulting graph M00 = (V 00, E 00) is passed
to the decoder.

Decoder: The decoder projects the latent node feature vectors into the
desired output space. It uses an MLP, denoted �V , to map each node feature
vector v00

i to an output vector oi as follows:

�V (v00
i ) 7! oi with oi 2 RO, (18)

Here, O represents the dimension of the output vector associated with
each node. In this study, O = 3 since we aim to predict the local stress field
components (�̂xxi , �̂yyi , �̂xyi) at each node of the input mesh M.

For this implementation, the number of message-passing steps L is set
to 10, and the latent dimension H of the Encode-Message Passing-Decode
architecture is set to 128.
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Adding physics?:

3.2.1. Physics-Informed Loss
To guide the training process, we introduce a physics-informed loss func-

tion that enforces the equilibrium condition described in Section 2.2. The
total loss is composed of two terms: (1) a normalized mean squared er-
ror (NMSE) between the GNN predictions and the ground truth, and (2) a
physics-based regularization term that penalizes deviations from the divergence-
free stress condition div� = 0. The contribution of the regularization term
is controlled by a hyper-parameter � 2 R,� � 0, in this study the value of
the hyper-parameter � is set to 10.

Let � denote the ground-truth stress field obtained from finite element
simulations, �̂ the predicted stress field from the GNN, and N the total
number of nodes in the mesh M. The loss function is defined as:

L (�, �̂) = NMSE (�, �̂) + � (div(�̂))2. (19)

The physics-informed term (div(�̂))2 is computed using the divergence
discrete operator (see Equation 13, Section 2.2) and is defined as the mean
squared norm of the divergence over all indices i

(div(�̂))2 =
1

N

NX

i=1

⇥
(div(�̂)i)

2
1 + (div(�̂)i)

2
2

⇤
(20)

We can also write it like this

(div(�̂))2 =
1

N

NX

i=1

kdiv(�)ik2, (21)

The NMSE is used instead of the traditional mean squared error (MSE) to
ensure equal importance for each stress component. It is defined as:

NMSE (�, �̂) =
1

Nc

NcX

c=1

PN
i=1(�c,i � �̂c,i)2PN

i=1(�c,i � 1
N

PN
j=1 �c,j)2

, (22)

where c represents the three components of the 2D stress tensor (xx, yy, xy).
The NMSE ensures that all stress components contribute equally to the train-
ing loss, and the physics-based regularization term further encourages the
GNN to satisfy the equilibrium condition.

A detailed analysis of the model’s convergence and performance is pre-
sented in Sections 3.4 and 3.5 respectively.
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divergence-free regularization in terms of normalized mean squared error
(NMSE) convergence, the divergence of predicted fields, and reconstruction
quality. The analysis of this penalty becomes significantly more challenging
when addressing nonlinear mechanical behaviors such as plasticity.

To standardize the contributions of di↵erent stress components during
training, feature scaling was applied by subtracting the mean and dividing
by the standard deviation of the training dataset.

3.4. Model training
For benchmarking each model, these are trained for 200 epochs using the

same training dataset, the generator seed is the same for each experience
to ensure reproducibility. The Adam [37] algorithm is used to optimize the
network parameters.
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(a) Comparison of NMSE loss convergence in
validation dataset when the proposed diver-
gence free penalty is applied during training

20 40 60 80 100 120 140 160 180 200
0

0.5

1

1.5

2

·10�2

Epochs

D
iv
er
ge
n
ce

va
lu
e

P-GNN
P-DivGNN

(b) Divergence evolution in validation dataset
during training

Figure 4: Comparison of NMSE loss and divergence evolution during training of P-GNN
model (in blue) and P-DivGNN model (in red).

In Figure 4a, we can see the evolution of NMSE loss during training,
note that the NMSE falls down at epoch 40 for P-GNN training whereas the
NMSE for P-DivGNN decreases at epoch 60 this behavior may be explained
by the addition of a new term to the loss function, which makes learning to-
wards the ground truth finite elements solution more complex. Furthermore
in Figure 4b the evolution of the divergence value of predicted stress fields
during training is studied for both models. We can see that during the first
40 epochs the divergence value is near zero due to the fact that the same
mean stress values are assigned uniformly to each node of the input graph,
obtaining lower divergence values but unsatisfactory stress fields when com-
pared to correspondent finite element solution, it is worth mentioning that
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Figure 5: Local stress reconstruction comparison between classical GNN (without periodic

edges) in top row, P-GNN in middle row, and FEM in bottom row.

As mentioned in Section 3.2 the addition of periodic edges between bound-
ary nodes improves significantly the predicted reconstructions (see Figure 5),
when the additional periodic edges are present, the periodicity and symme-
tries of the predicted stress fields are better respected, this is the case for
the most of meshes present in the test database, for that reason the model
P-GNN is used as baseline instead of a classical GNN framework. However
one should consider that this pre-processing step could represent an extra
computational cost when very large meshes (in number of nodes) are used,
when the representative volume element (RVE) is squared (or cubic for 3D
geometries) the operation becomes trivial, nevertheless, when is not the case,

20

-5.66e+03 -4.20e+03 -2.75e+03 -1.29e+03 166.  
P-GNN Stress XX

-8.72e+03 -6.52e+03 -4.33e+03 -2.13e+03 59.7  
P-GNN Stress YY

-3.93e+03 -2.69e+03 -1.44e+03 -196. 1.05e+03
P-GNN Stress XY

-5.66e+03 -4.20e+03 -2.75e+03 -1.29e+03 166.  
P-DivGNN Stress XX

-8.72e+03 -6.52e+03 -4.33e+03 -2.13e+03 59.7  
P-DivGNN Stress YY

-3.93e+03 -2.69e+03 -1.44e+03 -196. 1.05e+03
P-DivGNN Stress XY

-5.66e+03 -4.20e+03 -2.75e+03 -1.29e+03 166.  
FEM Stress XX

-8.72e+03 -6.52e+03 -4.33e+03 -2.13e+03 59.7  
FEM Stress YY

-3.93e+03 -2.69e+03 -1.44e+03 -196. 1.05e+03
FEM Stress XY

Figure 7: Local stress reconstruction comparison between P-GNN, P-DivGNN models and

FEM the color bar scale is set using the FE solution ranges
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The second set of simulations represents proportional

loading of the rolled specimen. The procedure of matching
the results of these simulations to fit the criterion described

by (7) gives the set of target values, presented in Table 2.

Two more anisotropic surfaces were calibrated for a dif-
ferent assumption of the value of the factor b, in order to

demonstrate the adaptability of the transformation

criterion.
The third set of simulations represents proportional

loading of the drawn specimen. Because of the higher level
of anisotropy, b was selected here to be a target value and

was calibrated at b=0.59.

Figures 2 and 4 show a comparison between all the
results of the simulations and the criterion in terms of

stresses obtained by (5), considering n = 2. Good agree-

ment is observed. Furthermore, it is shown in Fig. 3 that
using alternative values for b might result in better

surfaces, in the sense that they can capture better basic
material properties, which here are the uniaxial strengths.

Given an abundance of data, better calibration is induced

by treating b as another target value. To that respect, two
more loading paths are considered for the rolled specimen,

labeled 9 and 10 in Figs. 2 and 3. It appears that the

extreme in terms of convexity value b ¼ 0:74 is not as
accurate as the values b ¼ 0:65 and b ¼ 0:3.

The evolution of the transformation surface as a function

of n also presents a very interesting effect. The detail of the
transformation surfaces corresponding to two different

MVFs in Fig. 4b reveals that the sense of anisotropy may

switch between directions as forward transformation pro-
gresses. Indeed, it is clear in Fig. 5 that the stress which

corresponds to 1% MVF for uniaxial tension in the 1–1

direction is higher than the stress for uniaxial tension in the
2–2 direction; but this is not the case when n ¼ 10%: here,

the stress is higher for tension along 2–2. The resulting

surfaces accommodating these data are different in shape
and not just in size. The size effect would be captured by a

direct dependence of k on n, and this kind of evolution
would be recognized as isotropic hardening [28]. However,

in this case, more material parameters have changed

between the two MVFs to capture the changing sense of
anisotropy. Thus, an evolution of the material parameters is

deemed necessary to capture the resulting stress–MVF

curves. The proposed anisotropic surfaces in Fig. 4b are
calibrated separately according to data points for n ¼ 1%

Fig. 2 Evolution of transformation surface of rolled specimen for
(i)n ¼ 20% and (ii)n ¼ 60% and comparison with isotropic surface

Table 2 Calibrated material parameters for rolled specimen

Identified parameter Value

n 2

b 0.65

hp -0.0953

hx 0.0339

hz -0.0373

ro1 -15.17 MPa

ro2 -2.93 MPa

kr 91.60 MPa

Fig. 3 Comparison between two anisotropic surfaces for different
values of b for the rolled specimen for n ¼ 60%
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5.1. Iso-thermal proportional tension-compression loading

Three tensile loading tests on NiTi wires of 0.1 mm in diameter and 50 mm in length are simulated in iso-thermal con-
ditions for different temperatures. The numerical simulations correspond to the experiments in (Sittner et al., 2009): The
displacement control of wires of 0.1 mm in diameter and 50 mm in length is taken as a strain-controlled simulation of a
material point in its loading direction, and in stress-free conditions in shear and in other directions. In these experiments,
compression cannot be carried out, since the small diameter of a wire would cause buckling immediately. In the simulations,
though, inelastic geometry effects can be ignored.

For the temperature of 333 K, the wire demonstrates a superelastic behavior, since the stress levels cross all the transition
thresholds for the start and finish of forward and reverse transformation before returning to zero stress. The behavior is
similar for the temperature of 283 K, only with lower stress levels for forward and reverse transformation, following a typical
SMA phase diagram. At 253 K though, the transformation strain during loading is induced by forward transformation acti-
vated alongside reorientation. This strain cannot be recovered upon unloading: since the temperature is lower than the
austenitic transition level, no reverse transformation can take place. Still, the proposed model can predict some level of
inelastic strain recovery, associated with reorientation, just before reaching zero stress. Continuing further into compression,
the material passes in a behavior affected only by reorientation. In the second cycle of loading, no transformation is present,
explaining the difference of shape from the first cycle. Good agreement is observed between the simulation and the
experimental findings in tension. It is noted that the value of the elastic modulus is considered different for the test at 333 K,
taken at 56,000 MPa, since the stress-strain relation clearly indicates so. The current model does not take into account any
dependence of the elastic modulus from temperature. However, all other material parameters are considered constant for the
three experiments. Fig. 3 (a) to (c) present the comparison of the stress-strain diagrams for the isothermal tension-

Table 3
Variables affecting the yield functions.

FF FR Fre

s; T; x s; T; x; εF ; εR; εre s; x XF ; XR; Xre

Fig. 3. Experimental results (points) and model response (continuous line) on stress-strain diagrams for isothermal tension-compression loading of NiTi wires
under temperatures of 333 (a), 283 (b) and 253 K (c) taken from (Sittner et al., 2009).
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Chapter 4. Accelerating Multiscale simulations of architectured materials using Deep
Neural Networks 101

Figure 4.1: Multiscale modeling strategy of architectured structures using deep neural networks

While the general idea behind the incorporation of AI based approaches in multiscale frameworks
is described in figure 4.1, specific considerations need to be addressed regarding the choice of the most
suitable neural network architectures. According to the study conducted in chapter 2, the robustness
of Recurrent Neural Networks has been highlighted as a reliable surrogate capable of handling path de-
pendant behaviors. While chapter 2 was only focused on modeling non-linear mechanical behaviors of
material points using RNN based models, the present chapter proposes to extend this reasoning to archi-
tectured structures under complex loading conditions (multi-axial and non proportional loading paths).
As presented in the state of art chapter, some contributions based on multi layer perceptrons architectures
have also been applied in a computational homogenization framework to accelerate multiscale simulations
[Le et al. 2015, Lu et al. 2018, Minh Nguyen-Thanh et al. 2020]. However, we recall that aforementioned
studies were limited to non-dissipative materials under proportional loading paths, thus leading to a sig-
nificant simplification of the problem. The present work differs from the previous studies in terms of the
employed ANN architecture where RNN are used instead of MLP to take into account the loading history
of dissipative architectured structures.

The fourth chapter of this manuscript is structured as follows: In section 4.2, a brief introduction to
the design, properties and application fields of architectured materials is presented. Then, the theoretical
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