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1. Motivations - Two typical examples at the microstructural scale: nonlinear behavior

1. Composite material - MOX nuclear fuel (Largenton et al., 2014).

Pu EPMA: MOX pellets: Fuel Rod:
.O% A > A i o
ilO%
11.50 mm
1024 pm 1024 pm
30% 8.194 mm
>50% 1024 pm 1024 pm -
~4m
Fuel
: ellets.
MOX fuel - Three-phase composite: P
« composite matrix where both phases are well mixed (green 10 % Pu), Zirconium R
alloy cladding.
* clusters of UO, (blue, 0% Pu), volume fraction ~25%, ~10pm<¢<~60 m,
* clusters of (U-Pu)O, (red, 28% Pu), volume fraction ~15%, ~10pum<¢<~250um. v 3




1. Motivations - Two typical examples at the microstructural scale: nonlinear behavior

1. Composite material - MOX nuclear fuel under irradiation (Largenton et al., 2019).
MOX pellets:

EQ({B,t) -

év(.’lf, f)

es(z,t) = ()i .

e

Constitutive relations for the individual phases (r):
e(x,t) =ee(x,t) +ey(x, t) + es(a,t) | with 1024 um
M o(x,t), ~ .
v(0) = ¥\ (0m, Teq) + 1) (0eq),
ou(r) ot et
é (O’({Ef)) ! tf!g)(o'eq)(:r. f) f— 9 ( - ()'P) y
a 3(n+1)Gy,
r 0'2 x.t 0'2 (:B,t)
th(l )(Um: UGQ)(ZE: t) - m((r-) ) ecj(r) ' ‘
_ 2y 6Gy (t)

0.002

0.0015 ¢

-0.0005

Matrix (r = 1)
Pu clusters (r = 2)
— U clusters (r = 3)

G (t) (Pas)

0 2e+7  de+7

be+7 Be4+7 le+8 1.2e4+8 1.4de+8

t (s)

1017

L

— Matrix (r = 1)
Pu clusters (r = 2)
—— Uclusters (r =3) |eo

0 2e+T7

de+7

Be47

Se4+7 le+8  1.2e48 1.4e+8

t (s)

1024 pm

Shrinkage-Swelling: effects of fission
products.

Creep: effects of fission rate and
temperature.

Aging: time-dependent material
properties (function of irradiation which
is a function of time).

PREDICT: effective and local
behavior of this composite
material?



1. Motivations - Two typical examples at the microstructural scale: nonlinear behavior

2. Polycrystalline material - UO, nuclear fuel (Labat et al., 2023).

Fuel Rod: UO, fuel
after irradiation: Fluorite crystallographic
structure:
¢ 0Xygen atoms in green,
- uranium atoms in red. o - j—— Family {100}
6 slip systems

} 001 Emo) (010) 'E001)

‘H | Family {110}
Fm 010 |~ —1~ ____________ AN V4 6 slip systems
_______ >

/100 Family {111}
i i | 12 slip systems

k111) ki11) (111) (111)
Polycrystalline material:

« Center: @, ~10um.

 Periphery: @, ~0.3um.



1. Motivations - Two typical examples at the microstructural scale: nonlinear behavior

2. Polycrystalline material - UO, nuclear fuel (Labat et al., 2023)].

Constitutive relations for the slip systems (s):

g ) .
=0 ( B ) X sgn(Ts), Variation of T°C —g = 10 [s]*: Variation of €-T°C=1500°C:
250 100

L

ri(x,t) = 1 (T, ) + hz‘(T g) x pi(z, t),

pi= > A5

| . 200

sES; -
+<P evolution law inspired by f
[Knezevic et al., [JP (2013)] . = 150 =~
- Thermal creep: effects of temperature & N S
and macroscopic strain rate. 2 1001 .
: : . ? ."
* High temperature gradient and strain g S
. +
rate — heterogeneous strain, damage “* |} @
and cracking. 50 | 2011 £ a0
," —— Experimental - T = 1100 [°C] : [Een S d PhD et @00
i [Salvo et al., JNM (2015)] :' ---- Experimental - ¢ = 5 x 107 [s]~*
---- Experimental - T = 1350 [°C] ----- Experimental - £ = 20 x 1076 [s]~!
=== Experimental - T = 1550 [°C] ---— Experimental - £ = 70 x 1076 [s]~!
-=- Experimental - T' = 1700 [°C] —— Experimental - ¢ = 100 x 1076 [s] !
8.0 25 5.0 75 10.0 12,5 150 17.5 20. 00 2 4 6 8 10 12 14 16
Strain - £33 [%] Strain - £33 [%]

TOC 1100°c PREDICT: effective and local
101 [s]+ behavior of this
; <3 polycrystalline material? ©

T°C = 1550°C
—€=10"1[s]*:

T°C =1700°C
—E=101[s] ( ‘




1. Homogenization of these composite and polycrystalline materials

« Homogenization of highly heterogeneous materials with nonlinear dissipative constituents
entering the class of Generalized Standard Materials (GSM) (Halphen & Nguyen, 1975)
governed by two convex potentials.

At each point x of the microstructure:

State of the system (state variables) : e,a = £ (g,,&5,&,,,p ...),
Energy available in the system : w(e, o),

0 0
= Driving forces : o = —w(s, a), A= ——w(s, Q),
oe 9o’

o, o,
Evolution of the internal variables : &« = —w(A) s A= —"f)(a).
oA O

Where y and ¢ are dual potentials.




1. Homogenization of these composite and polycrystalline materials

EXACT separation of scales in nonlinear problems is seldomly met : an infinite number of
Internal variables is required (Mandel, 1968 — Rice, 1971 — Suquet, 1982 1987).

State variables ; g, a={P@)} ey,
Potentials - B(Fa) = (w(eeP)), @(@) = ((eP)),
ow,_ _ ~ ow ,_ _
Driving forces ; o = —I_U(E, a), A= ——tf(é, Q),
€ oo
Evolution of internal variables : A = 8_"“((1)'
«

=> No scale decoupling : both scales have to be resolved simultaneously

Differential Equation in a space of infinite dimension:

{
{
<\+—x

Aim of this work: derive areduced model. 8



2. Classical approach - Transformation Field Analysis (TFA)

« Objective : approximate homogenized model for the r.v.e. V. Internal variables =>

a = €p(.’L’)‘ag€V,

where V =r.v.e. (representative volume element).

Reduction (Dvorak, 1992) of the plastic strain field on the r.v.e to 6 X N internal variables, N= number
of phases in the composite or polycrystalline material:

« H1. Plastic strain uniform / phase:

eP(x) = Z (x), eV

r=1

Internal variables : [P, — 1 N

« H2. Evolution of €f governed by the average stress in phase r:

5 ¢(’P)

Er =—

M(r) O'T+€r, Or — (U) (O-T‘)

T’




2. Classical approach - Transformation Field Analysis (TFA)

Very stiff predictions... Simulations
(Michel & Suquet, 2003)

350 ¢

300 1

250 1

200 ¢

150

100

50

0.0 0.61 0.62 0.63 0.64 0.65 0.0
4 loading conditions: °:E

o =3a(t)X"

> =167, 2 = e;®ert+es0e;, B3 = 2(1)+%2(2), »4) — (1) (@)

10



2. Classical approach - Transformation Field Analysis (TFA)

. ’ Simulations Experiments
What’s wrong? (Michel & Suquet, 2003) (Doumalin & al, 2003)
Uniform plastic
strain field (TFA): Polycrystalline Zirconium:
Nonlinear composite Actual nonuniform oy e

(two-phase): plastic strain field:

Field fluctuations do exist !

The TFA assumes that the
plastic strain field is uniform
per phase. 11




3. Reduced model - Nonuniform Transformation Field Analysis (NTFA)

* Reduction (Michel & Suquet, 2003): reproduce the “dynamics” (evolution) and the
observed "patterns" with just a few variables, but physically motivated.

1stingredient: Re-formulation of assumptions H1 TFA =>internal variables a = &7, ¢, €, &,p, p ... decomposed
on nonuniform “(visco)plastic modes”, “hardening modes” ...

Example for €P:

eP(x,t) = ) eﬁ(t) u(k)(a:), x = microscopic variable € volume element V.
k=1

n®tensorial field defined on V only, capturing the pattern of the plastic deformation, e,f Isascalar. The ¢, 's

are the internal variables of the model. Other possible notations for e,fdepending on the studied behavior:

k k
ORI N

« u®k has its support in a single phase in V or “on” V: mode identification “on” V reduces the number of
modes (Largenton et al., 2014).

« u® are mutually orthogonal: (u®: u®) = 0 when k # |.

State variables : &, (ef)p=1.1r 12




3. Reduced model - Nonuniform Transformation Field Analysis (NTFA)

« What do these modes look like? Composite material
[Michel and Suquet, JIMPS (2016)]

» Elastic fibers.

« Elasto-viscoplastic matrix with nonlinear
kinematic hardening.

* Fiber volume fraction: 0.1.

(a) Micrograph. (b) rv.e V. (c) rve V- Only fibers.

—1.875

1.250

0.625

0.000

Snapshot of the modes

(the equivalent strain pg): (a) Mode 1. (b) Mode 2. (c) Mode 3.

13



3. Reduced model - Nonuniform Transformation Field Analysis (NTFA)

- What do these modes look like? Polycrystalline material
[Michel and Suquet, CM (2016)]
* 500 grains.
* The crystal plasticity model for ice proposed by [Castelnau et al.,

2008] and modified in [Suquet et al., 2012]: similar to the model of
Méric-Cailletaud [Méric and Cailletaud, 1991].

Snapshot of the modes
(the equivalent strain pg):

rv.e. V.

Mode 2. Mode 3.

14

Requires an accurate evolution law for the amplitudes sﬁ on the modes.



3. Reduced model - Nonuniform Transformation Field Analysis (NTFA)

« 2" ingredient : evolution law for the reduced variables.

1. Local fields : Prescribe the macroscopic state variables €, (&), _ -

M
o(x) = L(x) : (e(x) —eP(x)), @)=Y LuP (),
k=1

div(o(x)) =0, (e) =2, +B.C. (periodicity).

Linear (thermoelastic) problem => superposition: To simplify notation &} = g®:
M
M _ . = g (E) (£)
e(z,t) = A(x):8®)+ Y. Dxp)(@)f [ E® = A®:E+ ), D@
k=1 —V
o(@.) = L@ : A@ =0+ X pD@DO. | |y awr e s $ e
k=1 (=1 |

e A(x) elastic strain-localization tensor.
e D Green'’s operator, D * u(¥)(2) influence tensors.

o pM (@) = L(@) : (D*p® (@) - uP(2)).

15




3. Reduced model - Nonuniform Transformation Field Analysis (NTFA)

« 2" ingredient : evolution law for the reduced variables.

2. Knowing that the effective free energy w is the average in V of the local free energy w, the
reduced thermodynamic forces associated with the macroscopic state variables are a®:

M M
1_ ~ 1
W(E,E)=—¢F. L. g - F: a®ek L — (ke) _ kO gd)£(£)
&8 =5¢F 88}2_‘, 3 22_‘,(13 )e et
k=1 k,/=1
ab = _ G_V\]/(g 5=z a® + Z (D*O _ pkenO| i (A" L: A), a® = b L: A),
FRYY ~ D(kr”) W L (D)), £50 = @0 L gy,

Reminder — At each point x of the microstructure:

State of the system (state variables) : ¢, a = ¢ (g, &5¢,,p..),
Energy available in the system : w(e,a)w(e,a) = (e — a): L: (¢ — a),

ow ow

= Drivingforces : 0 =—(¢,a), A= -—I(c, ),
Oe oo
Evolution of the internal variables : a = 8—Zp(.A) & = 8—?((1).
0A O

Where y and ¢ are dual potentials.



3. Reduced model - Nonuniform Transformation Field Analysis (NTFA)

« 2" ingredient : evolution law for the reduced variables.

3. Reduced kinetics: the hard problem!

(ky _ (9] (key _ pke) ()|, with
0 = ag(’)(g H==ca +£ O =L S b L ey, ﬂm mu@ I ﬂm>

Evolution of the reduced thermodynamic forces:

(k) O

6 - w(gr ﬂ)'
ga® Mok aa® o
0€ ;o1 9 0E

¥ unknown?




3. Reduced model - Nonuniform Transformation Field Analysis (NTFA)

« 2" ingredient : evolution law for the reduced variables.

4. The effective dissipation potential: two proposals!

« Istproposal: A hybrid formulation - Approximation of the effective dissipation potential [Fritzen and
Leuschner, CMAME (2013)]

=<1 >

« [Michel and Suquet, JMPS (2016)] has shown that the definition of the effective dissipation potential
chosen here by [Fritzen and Leuschner, CMAME (2013)] is not rigorously equivalent to the exact definition

by duality.
» Nevertheless, it is a good approximation when the number of modes chosen is sufficiently large!
» The derivative of the effective dissipation potential must be known at each integration time step.

* When the dissipation potential of the phases is not quadratic, knowledge of these derivatives requires
calculation of local quantities before performing averaging operations.

» We therefore lose the interest of a reduced model based on the NTFA approach, especially for our two
typical examples! 18




3. Reduced model - Nonuniform Transformation Field Analysis (NTFA)

2"d ingredient : evolution law for the reduced variables.

4. The effective dissipation potential: two proposals!

2"d proposal: Tangent Second-Order linearization (TSO) [Castafieda, JMPS (1996)], [Michel and Suquet,
JMPS (2016)] — In each individual phase r the potential W is expanded to second-order in the stress as:

y () = gy (A,

. ) ) 1 o o v .
v A =y A + VoA (A= A) + (A= A7) M (A= A7) i A= My = A"

fﬁ]’S{)(E' ‘C_f) 2 C(F}[ (F)(( rﬂ)(f’)) L= 1 6;{2 ({ rﬂ)(r)) C(F)( rﬂ):|

with

CO(A) = <((ﬂ _ (:?l)(”) ® (ﬂ <ﬂ>(r})>(r) = (AQ A >{r} {J?"l)m ® {S}’D(r):

4

NTFA-TSO - The differential equation of the reduced thermodynamic forces (reduced variables):

g =

- . K H>{r) 152 (r) - aC{r}(Iﬂ} 163 (r) . -~ & rﬂ>(r)
8+EC [ (< AT e T3 o — 5 (AT Tl +2M (A VA @ el

19




4. NTFA-TSO applied to the 15t typical example - Implementation & results
RVE V
(3 phases & 1473 Voxels).

 Exact local problem (Largenton et al., 2019).

Equation System (1) Coupled with Evolution Law (2):

divo(x,t) =0,
e(x,t) =2(t) + 3(Vu*(z,t) + Vu*!l (z,1)), u*(z,t) periodic on OV,

o(x,t)=L(x): (e(x, t) — ey(x, t) — eg(x, 1)),

o(x,t) - n(x) antiperiodic on IV,

e(x,t) =eo(x,t) +ey(x, 1)+ es(x, 1) | with

gelx,t) = M) o(x,t),

) ,(r‘)
&y(z,t) = d;g (o (z,1)),

es(x, t) = s,(;)(t) i

Evolution of G and &:
given in part 1 (Motivations).

g—

—

L'(r) (o‘) — Lf{r) (O'm \ U'eq) + L':S:) (JGQ) ,

o8q (1)

> (1)

57 Amas U : fraction
volumique 25%, amas
30um.

121 Amas Pu : fraction
volumique 15%, amas

-z;.sg")(creq)(a:,t) = =l (2) [10pm, 70pm].
3(n+1)Gy,
(r ol (x,t) oaqlx.t)
Lg )(om. 0oq) (. 1) = m(m ) n e-:j(r) _
2k, 6Gy, (1)
Phase E v kK C
(Pa)  (-) (Pas) (Pa"s) (v
Matrix (r=1) 2.e+l1l 0.3 1.67e+18 1.e+39 3.67
Pu clusters (r=2) | 2.e+11 0.3 5.0le+17 1.e+39 3.67
U clusters (r=3) | 2.e+11 0.3 1.04e+19 1.e+39 3.67




4. NTFA-TSO applied to the 15t typical example - Implementation & results
 Implementation (Largenton et al., 2019).

NTFA Decomposition of Internal Variables:
M

ev(@ 1) = 3" c® () u® (@)

k=1

Local Fields Expressed with Mode Decomposition:
M

=
e(x,1) = A(x) : (1) + Z(D w0 (@) () + Y (D i) (@) (1), with

r=1

M

o(x,t) = L(z) : A=) ; et>+pr“ ()€™ (1) +Zn("") (@)= (1),

o) (2) = L(@) < (D * 1P (@) — 1 P(@). 70 = Lz )-((D*x(”") ) (2) — ) (@)i).
Macroscopic State Law:

W ~ o e(B) £ ow def (k) (k) .
65(5’5’58) =o=1L: Z(P( N& + Z (") "o (€.&e5) =7 = (" o)
k=1 M N
L=(L:A) B () = a® : 5(t) + ZDW’ cO) + 3" HIL (1)
r=1

a®) = (u® : (L: A)., DEO = (u®) . pOy  Fkr) — (0 . )y 21




4. NTFA-TSO applied to the 1sttypical example - Implementation & results
 Implementation (Largenton et al

., 2019).
Evolution of the Reduced Thermodynamic Variables:
M o o ol
k) (1) = qF) - kO e (kr) o _ (k) (k) L2 kr
() =a t)+ZD 3 t)+ZH (1) with ) aﬂk—)"”()_“()'Hagrw*ZH( )

()0' (E("")) : (0' — E(q’)) +
§pr)

% (0_ _E(T)) : W(O’(TJ) : (O‘ _O.(?")) :

) is approximated by:

where ") = (o)), so that ¢/

, ’ oCc'") (o)
A &)
2. e T e T aer @ o
1 934 ') N
~ o My o) (kr) 2(r)
5 g7 (@) C (0)®65ff€> + §—1H £s




4. NTFA-TSO applied to the 15t typical example - Implementation & results

Implementation (Largenton et al., 2019).

|ldentification of the modal base — 15! Step:

e three uniaxial creep loadings with no shrinkage-swelling in the phases,

i=12o0r3, o(t)=0ce;®e;, oc=100MPa, Eg'"}(t) = 0 in each phase 7.

e one loading corresponding to a pure shrinkage-swelling of the phases with no macroscopic stress,

a(t) =0, =t

\ 4

For each of these four loading cases, 25 snapshots of the viscous strain field are stored every
5.36%10° seconds of the full-field simulation.

23



4. NTFA-TSO applied to the 15t typical example - Implementation & results

Implementation (Largenton et al., 2019).

Reduction of the modal base — 2"d Step [Rousette et al.,

o) (@) = ey (x,t (1)),

with: ‘ 9\5 ) tensor associated with the internal time variable t, ,

gl =< 6" : 6{” >, Symmetric matrix.

where: | gy , global viscoplastic correlation matrix.
N
POD: S A®)
(k) _ (k) () kK 4 _ — 1074
v v N > a, o —].

Z A (k)

k L
1) () = Z (k) gD

< @) s P (@) >= {D

=

it k=p, positive eigenvalues.
otherwise.

A\ (R)

CST (2009)]:
Example Mode 1 p,:

m

1875

1250

056250

0000

After application of this procedure, a total
of 9 modes were selected (2 modes per
uniaxial creep loading and 3 modes for

the pure shrinkage-swelling test).

24




4. NTFA-TSO applied to the 15t typical example - Implementation & results
 Results (Largenton et al., 2019).
Macroscopic Comparison between Full-Field FFT and NTFA-TSO Model:
0.02 - - . 0.0005 - - .
- First triaxial creep test ) P — Second triaxial creep test
0.018 " with shrinkage-swelling ,,,r"* ] 0.00045 1 ya h‘**x\ with shrinkage-swelling ]
ooie L+ Fullfield x,/’* 1 0.0004 | ffj *‘“‘\,,\‘ = Full-field .
- —— NTFA-TSO el / . —— NTFA-TSO
0.014 r e - 1 0.00035 | / > 1
x’;} J.l" \*.nb\
0.012 i . 00003 |/
o, - e = / Y
SETIE g 1 “oooozs | f N
b - P -~ ) ‘\&\
0.008 & 0.0002 .
,'/” .'I *\\
0.006 /,g" 0.00015 -:!' *
0.004 « 0.0001
//K’,
0.002 + » 0.00005
0.0 L—— ' . T 00 L— o ' ' S
0 2e+7 de7 Ge+7 Se+7 le4+8 1.2e+8 1.4de48 0 2e+7  de47  Ge+7  Bet7 le4+8 1.2e4+8 1.4e48
t(s) t(s)
B 3 (r) 1st triaxial creep test: o1 = —115 MPa, o9 = —115MPa. o3 = —230 MPa
F(t) =) oie;@e;. £ (t) o 25
— 2nd triaxial creep test: 01 = —10 MPa, 09 = —10 MPa, o3 = —6.66 MPa




4. NTFA-TSO applied to the 15t typical example - Implementation & results
* Results (Largenton et al., 2019). Local Comparison between Full-Field FFT and NTFA-TSO Model:

014 | First triaxial creep test _ 0.16 | - Second triaxial creep test -
with shrinkage-swelling ) | with shrinkage-swelling
o12| [ Full-field / 014 | [ Full-field
——  NTFA-TSO N - —  NTFA-TSO
01 | I\W - - t = 1.340408 5
& t = 1.34e+08 s 2 01}
= 008 | H| Pu clusters | 2 [
% Tatrix L g 0.08 U clusters | Pu clusters
= 0.06 | = AUSLELS
0.06 \ |
004 | U clusters
AN 0.04
0.02 1 0.02
0.0 ' 0.0 ' :
0015 002 0.025 003 0035 004 0045 005 0055 0.06 0.0 0.0002 0.0004 0.0006 0.0003 0.001 0.0012
l<l] <]

Full-field simulation (FFT) NTFA-TSO model
(CPU ratio = FFT/TSO)

1%t triaxial creep test 101465 1.92's
P (CPU ratio = 5 284) [ CPU times. Processor Intel Xeon X5687 @ 3.6 GHz.
2" triaxial creep test 16 026 s 3.50s 26

(CPU ratio =4 579)




4. NTFA-TSO applied to the 2" typical example - Implementation & results

RVE V
(500 grains & 1353 Voxels):

 Exact local problem (Labat et al., 2023).
Equation System (1) Coupled with Evolution Law (2):

\
o(x.t) = L(x): (c(x.t) — el t), ewp(x.t) =) 7P(x.t) ms(z),
5
diveo(xz,t) =0, o(x.t) n(x) antiperiodic on aV, 'l (1)
e(x.t) =(t) + L(Vu*(z.t) + Vu*' (z,t)), u*(,t) periodic on V. |
. Vp .0 |Ts| "
Yoo = x| - X sgn(Ts),
T
Tﬁ(ma t) — TE(Ta E‘L) + h’%_(Ta E‘L} X pi(mg t)-\ (2) S S I e I Family {100}
6 slip systems
Pi = Z APAP = |5V, T001 (100)  (010)  (001)
sES;
‘g Family {110}
<P evolution law inspired by Fm 010 | = 6 slip systems
Knezevic et al., IJP (2013)] . > ‘ '
| ( ! @' (110) (101) ) Observation but with
- Formalisms of h; and 7 and /100 a1 activation of other
parameter values in Appendix 1. ¢ ____________________________________ \| 12slip sysfems families, so this family's
 For elastic coefficient values, see : _ - CRSS cannot be
(Labat et al., 2023). (111)  (111)  (111)  (113) measured 27




4. NTFA-TSO applied to the 2" typical example - Implementation & results

 Implementation (Labat et al., 2023).

NTFA Decomposition of Internal Variables:

evp(, 1) = Zs&?@ iy ().

l NTFA decompostion [Michel and Suquet, JMPS (2016)],

Z 5“)(@ Iy ") (x) - [Decomposed].

'pg'(iﬂ, t) —
Zg@ (t) x'9)(x) - [Constant per grain].
[Constani per grain] - decomposition [Michel and Suquet, CM (2016)],
[Decomposed] - tested decomposition,
( () z,(”) modes used for the internal-variables decomposition
with: | \Fve o Fps P ’
(&vp, &p,i) reduced internal variables.




4. NTFA-TSO applied to the 2" typical example - Implementation & results

Implementation (Labat et al.,

2023).

Local Fields Expressed with Mode Decomposition:

» =(x,

t) =

A(x) : &(t) + Z D ui) (x) €5 (1),

Myp

with:

\ induced by NTFA decompostion.

e(x, t)

A(x)

D « J'va} (x)

using the superposition principle: solution to the
linear thermoelastic problem [Local problem (1)-(2)]

macroscopic strain tensor,
strain concentration tensor,

strain influence tensor,

D*,u;vp)(::c) |V|/D(:r, z’): p\,p)(:c ydz’, D(x, ") = T(z,z’) : L(z"),

with: | (D,T)

nonlocal and nonlocal Green operators,

Myp
> oz, t)=L(z): A(z) : e(r>+zp\5‘”(m)s(”m

with: ‘ oS5 (x) :L(m):((D* (k))(m) ,L:,S;‘”(m)).

29



4. NTFA-TSO applied to the 2" typical example - Implementation & results

 Implementation (Labat et al., 2023).

Macroscopic State Law:

o — Myp
o0 _ — =_f.= (k) _ ()
%:J, J:L.e—i—;{p\m > &up s
ow B k I
Iy e a3 <) A > 6,
a&vp l
Mp.;
oW _ ) L) | T 0 < ,ug:) > +h; X ; g,g? < ,tté'?),ug? >) - [Decomposed],
Se() P Opa
%.i - (TE + h; X 55,?) x (k) . [Constant per grain].
with: | o® =<mp LA,

=< L:A>.




4. NTFA-TSO applied to the 2" typical example - Implementation & results

Implementation (Labat et al., 2023).

Evolution of the Reduced Thermodynamic Variables:

k), —
a"frp) (&, &wp) =

k M k ; o (K .
Doy . R day) @ Ovp” () Dayy) L OpfET
d_ £ + Z W * vp Wlth é - (E) — a'Vp — 8_ £ B (k’)
€ l dfvp d@vp € dfvp

@21,2‘1_,- 8 ¥
< IS Ap ) O = |t (AF A + e 00 (AR L))
y S p,t
LPUps  (g) (4@ ) . L%Wpis  (g) ( 4(@)
+5 dA},’ x (Avp S) QW x ' (Ap?i) - [Decomposed],

with:

Tangent Second Order (TSO) linearisation of the effective dissipation
potential [Castaneda, JMPS (1996)] [Michel and Suquet, CM (2016)].

< (X -X@) (v -7©®) >0,
< (x _X(g))z ~(9)

(k

cl9(X,Y)

C9)(X) =

» Similar work has to be done on aé"”} avp) has to be coupled with {i;;k).
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4. NTFA-TSO applied to the 2" typical example - Implementation & results
 Implementation (Labat et al., 2023).

Evolution of the Reduced Thermodynamic Variables:

A9 1 93 sC@
- (k) _ (9) (9)  1(9) vp.s | 1 YTs (9)
Ay = a E+Z Z [ (Avp 8" ‘Ap,i) ) + 2 aAvp,s 55,5;") (AVP,S)

Déip

2 : 1(9) 9. Vp 1(g)
419 g c(9) (A,gm ) M‘fzﬁula ’}’2 c9) (4 MUE,S
2 r_’“).A\,p o 3&‘: ) 2 3A . ’ 3&5‘))

1(9)

e ) + 00 (AgAT) e

STV RL e
aAp ' BA"P SaAF’ ' Oy’ . Black: decomposed
strain-hardening
6./4(9) 2. 6_;1(5") .
(k) _ Z (9) Z (A(g) ,51(9.)) pi  10% 35 C(g} (A(g) ) p.i - Red: terms deleted for
vp,s* ¥ p, ﬁ(k) 2 E?Afp < vp,s 85‘(}161_) constant strain-

hardening per grain

L2 840" ac(9) L1 §24p g) M(g )
T3 aApt a (k T3 6A9 ag

)
80 g) c(g) oA ’
5-Avp s : P.? 5Avp saAp i “ﬁ) 32




4. NTFA-TSO applied to the 2" typical example - Implementation & results

* Implementation (Labat et al., 2023).

Identification of the modal base — 15t Step:

350 — - — It consists in performing full-field FFT
—— FFT -T =1000[°C] | &=10"s simulations:
200 FFT - T = 1400 [°C] /
= Sy FEE=T = 1800[°C] * The snapshots (viscoplastic and strain
o500 FFT - T = 2000 [°C] hardening modes) have been taken from
=~ — FFT-T = 2200 [°C] these simulations at different times and
—92000 c L= 2300 [OC] for: T = [1000°C-2600°C]
% FFT - T = 2600 [ C] € = [10-63-1 ’ 10-13-1]
le
v 150
SO Y . L SR * The modal base was made of these types
N .
O | of snapshots:
2 R A S
o0

0,4

Strain - £33 |%]

6 (snapshot) - Examples of equivalent viscoplastic strains 33




4. NTFA-TSO applied to the 2" typical example - Implementation & results

 Implementation (Labat et al., 2023).
Reduction of the modal base — 2"d Step [Rousette et al., CST (2009)]:

0% (@) = evp(, (1)), agf?(:c) = pi(a, t ()

with: ‘ (Gﬁp)qﬂ( )) tensor and scalar associated with the internal time variable t, ,
g =< by 65 >, g7, =< 6" 6) > | Symmetric matrix.
where: | (9vp> 9p.i) global viscoplastic and strain-hardening correlation matrices.
N
> oA
v(B) = \(F) (k) LIS o, a=10"%[-]
Np
>ox
T . . .
#up)(ﬂ: Z ) Q(E) {k:) (z) = Z (k) 9 z) » After application of this procedure, a
.; total of ~1000 modes were selected for
() _ the decomposed strain-hardening
A% itk =p, || Positive eigenvalues. model.

k) (p) _ {
< >=
P[vp () : Hvp (x) 0 otherwise,

By - . .
AF) it k=1, || Positive elgenvalues. 3

< x) X xT) >=
Mpt( ) Pbpz( ) { 0 otherwise.




4. NTFA-TSO applied to the 2" typical example - Implementation & results

 Results (Labat et al., 2023).

Uniaxial Compressive Strain Test — Macroscopic Comparison between Experimental Results, Full-
Field FFT and NTFA-TSO Model:

T = 1100 [°C], e = 10~ 1 [s]7 1
300 120

T = 1500 [°C], £ = 10" % [s] 1

[
=
—_—
=
=]

[}
et
=
=
=

—_
cn
=

Stress - a3z | M Pal

—
—
p—
=
—

St —— Experimental - [Salvo et al., JNM (2015]] ) —— Experimental - [Salvo et al., JVM (2015)] 101 —— Experimental - [Ben Saada, PhlD Thesis (2017)]
/ —— Full-field FFT — Full-ficld FFT I —— Full-field FFT
—— NTFA-TS0 - Decomposed — NTFA-TSO - Decomposed f —— NTFA-TS0 - Decomposed
X NTFA-TS0 - Constant per Grain 1 | NTFA-TS0O - Constant per Grain —— NTFA-TS0 - Constant per Grain
W1 3 3 1 5 6 v U0 25 50 75 W00 135 150 175 2 0 1 2 3 i1 5 6 7
Strain - £33 |%)] Strain - &33 (%] Strain - &35 %]
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4. NTFA-TSO applied to the 2" typical example - Implementation & results

 Results (Labat et al., 2023).

Uniaxial Compressive Strain Test — Local Comparison between Full-Field FFT and NTFA-TSO Model:

£ag = 20[%], T = 1700 [°C], ¢ = 10— 1 [s]— 1
— —— NTFA-TS0 - Decomposed
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|
2240000
=
=
= 30000
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e
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; ox ) 2
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4. NTFA-TSO applied to the 2" typical example - Implementation & results

 Results (Labat et al., 2023).

Triaxial Compressive Strain Test — Macroscopic Comparison between Full-Field FFT and NTFA-TSO

Model:
= S 400
1 [, | A _
‘ ~ 350
= =
— 300
= .-:?6[} l't:'l rf\] 2[' T ¥ el
s T = 1550 [°C T = 1550 [°C S| 22000 | gy | T = 1000 [°C]
N — |FFT - F=10 2-0[[,.-;]]1 . ‘é:m'd'ﬂ[ﬁ]]l - AQUU il _;E= 1077 [s] ™
40 To = [-0.24, 0.01, 0.97]| || o = [~0.43, —0.30, 0.85] | ;?1‘;1_’1226 , Bu.r.]]a, —0.65]
—— NTFA TSO - [Dec] —— NTFA TSO - [Dec] ROt T SO - [Dec
=< Th = 1725 [°C] == 201 Ty = 1609 [°C] | 150 {3 [T 5 1050 °C]
| {r} &y = 1071 [s]1 | {rn} |2y = 1071 [s] 2 o’ 100 gy = 1[]_' [s]
2 20 — NTFA TSO - [Upg] 2 10 — NTFA TSO - [Upg] % —— NTFA TSO - [Upg]
L Ty = 1725 [°C] L Ty = 1609 [°C] = 90 (y | To = 1050 °C]
5 [_‘ | {ro} gy = 1071 [s] 1 E-}—-] [_\ o |& = 10! [s]2 ﬁ wilg — 10! [S]_]
b1 2 3 1 5 b—1 23 7 5 VT3 a3
Strain - & : 3 (%) Strain - £ : ¥ [%] Strain - & : ¥ |70]
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4. NTFA-TSO applied to the 2" typical example - Implementation & results

 Results (Labat et al., 2023).

Triaxial Compressive Strain Test — Local Comparison between Full-Field FFT and NTFA-TSO Model:

—— NTTA TSO - |Dec —— NTFA TSO - [Dec —— NTFA TSO - [Dec|
—&0000) [#'"'N}Eb =lm;1= [c) T (] { —l1l"l]'1EJ:‘[f1 : | 80000 (oo 0) | rn il n[“c___
| — NTFA T E(;_['l[?pg][s. - 8{][}[]0 —— NTFA T* D []'angj o — NTFA T: ﬂ [Upg]
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@1 x=022 ' Ol iy - ©1] x=-006
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5. NTFA: Conclusion - Outlook & Reflection

Conclusion:

* In nonlinear composite or polycrystalline materials, intra-phase strain heterogeneity is very important => Elementary
patterns or modes of deformation are observed.

 These "modes" are the reduced base for a reduced "homogenized" constitutive model such as NTFA-type models:

« The modes can be determined numerically by simulating (Full Field approach: FEM, FFT) the response of the
r.v.e. along loading paths.

« There is no universal method for choosing these modes, and you should try to select them according to the
loads experienced within the structure (see (Michel and Suquet, 2009) or in appendix 2, see (Leturcq et al.,
2022), etc) and/or the microstructure (see this presentation).

* Reduction of the modal base is achieved by POD.

« The NTFA approach has been applied to many types of materials (composites, polycrystals, porous materials
(Michel and Suquet, 2017), etc.) and for different types of linear and non-linear behaviors (aging viscoelastic,
viscoplastic, plastic with isotropic and kinematic strain hardening, etc.).

Outlook & Reflection:

* Modal base construction by Atrtificial Intelligence?

* Probability modes to account for microstructure variability during a manufacturing process?
39

» Considering damage (see Ju et al., 2025) and crack propagation?
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APPENDIX 1 — TYPICAL EXAMPLE 2

Formalisms of h; and t¥; functions and Identification of
parameters




1. Crystal plasticity law for UO,, fuel
Calibration of =9 (T, &)

ng100y = 4, {1003 (5) = 0.7 x 2and ny110y = 4, ¥{110y(6) = 0.5 x &,
n; deduced from observations,
79 ()

(T, 2) = AL(Z) x exp ( AR T) + @

with:

determined using numerical tests at the single crystal scale.

AE—(&‘;) = Max [ai’o — ai’l X exp [—az’g x logio (5‘_)] ,O] .

ct(@) same strain rate dependence as Af (),
with: (AL, 6t C!)  obtained by minimising error using LM algorithm
' [Levenberg, QAM (1944)] [Marquardt, JSIAM (1963)],
(T, &) targeted function.
D 2 = 291 &) 4 f x WAGSL(T,E), fo = 0.5,
1 ( 1 ) 1 ( t ) fS 33( ? )a fS ’

with: | T?’(“H) input data used in the LM algorithm,

1 .
Er™ = = 3 [MAS(T.9), |Br™ - BrtTY] <5 x ErTY,
(M AL (T, 2)
(Er(m),5(=1073))

_ error at given loading conditions,
with:

relative error and stopping criterion.

Beginning of the iterative process
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2. Crystal plasticity law for UO, fuel

End of the iterative process

Calibration of h;(T, ¢) 50
h{mn} = h{llt}} =h 300
x b
h(?1+1} — a-ﬁexrzn} : |aé1si)mu — C[.p1e)(p| < (S X (Ip.'exp:
ﬂ’p,simu
ap,exp experimental strain hardening slope,
with: aé";i)mu numerical strain hardening slope,
| d(=10~%) relative stopping criterion.
. " in (BN x E4 fN
h(T,E):axn( ><£‘—|—:c]
(eh x T+ dm)*©
h(™) input data used in the LM algorithm,
with:

(ah, BN, N, dN, N, fM) coefficients determined by using LM

*

Data used for the least square
— h(T) — é=10""[s]7"
—— h(T) — é=10"%[s]7"
—— h(T) — e=10"%[s]"!

algorithm [Levenberg, QAM (1944)] [Marquardt, JSIAM (1963)]. 4
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APPENDIX 2

PLASTIC STRAIN HETEROGENEITY IN COMPOSITE MATERIALS AND
THE NONUNIFORM TRANSFORMATION FIELD ANALYSIS
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Abstract:
The Nonuniform Transformation Field Analysis is a reduced order model for the effective behavior of
nonlinear composite materials. It is based on the decomposition of the plastic strain field on nonuniform "“‘EDF
plastic modes. It is presented and applied to the modeling of the aging behavior of a nuclear fuel and the life-time e
prediction of a structure.
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1. Motivation
2. Classical approach : Transformation Field Analysis

3. Reduced model : Nonuniform Transformation Field Analysis



1. Motivation : two typical examples.

1. Aging of nuclear fuels.

Mixed Oxide (MoX)= Mix UO» and U-PuO- (recycling fission products).

13.46 mm

i
Py e e E
- . d

8.192 mm
Three-phase composite :
e composite matrix where both phases are well mixed (green ~ 10 % Pu)

e clusters of UO> (blue, 0% Pu), volume fraction ~ 24%, 10 um < ¢ < 60 um,
e clusters of U-PuO- (red, 28% Pu), volume fraction ~ 15%, 10 um < ¢ < 150 pm.



Constitutive relations for the individual phases

e =g e g = girradiation creep + gsolid swelling

o , __Q .
glradiation creep — Af()e” IO MY : o, F = fission rate,

gsolidswelling — r(4);  f(¢) =aB(t)+b, B = burn-up.

[ | |
Py, = 200 W/cm
s 1200°C = :::::> *

Zircaloy

430°C-

|
E
=
\ Caloporteur
360°C= - Bty — e . 4. - . .

40000.._ ........... _X
320°C . st _ = _..._._l&

Swelling : fission = diffusion of atoms. Aging : time-dependent material properties
(function of irradiation which is a function of time).

High temperature gradient = heterogeneous deformation, fracturation, contact with
cladding. PREDICT : overall swelling, effective behavior of MoX ?



2. Life-time prediction of a structure

Fatigue of a composite beam by cyclic 4

é omm B’ point-bending.
sesesissssessssessecssssessesies Elastic fibers o |
©00000000000000000000000000000 elasto-viscoplastic matrix with nonlinear
00 00 000000000000 OGCOEOGEOGEOGOEOGEOGEONOSGEONOS®OOS®ONO

kinematic hardening (Chaboche, 1993) :

<> PAN

! ° 3 X

- o=L:(e—€P), e =—-p 5 ,
Half-beam (120 fibers). 2P (o — eq

- ((O' — %)eq = O'y)+
, I P = €o ,
T T 00

Hmax . 2. .5 :

cyclel cycle2 X—gﬂe _gxp

t
. Local fatigue criterion (at point X)) based
- on the energy dissipated along the stabi-
Loading : prescribed vertical displacement at points A lized cycle : N #w” with
and A’, frequency 0.1 Hz, 3 different amplitudes
Tmax = 0.15,0.25,0.5 mm. w(X, cycle) = / o(X,t) 1 e’(X,1) dt.
cycle




Brute force : full-field computation of the composite structure

26880 quadratic elements (6 or 8 nodes)

I_-_-‘_'-_-_- - -— -.'.

Snapshot of the energy dissipated along the stabi-
lized cycle. Zoom —

Can the global and the local responses of the beam
be predicted by means of an homogenized model ?

Force/displacement at point A

E(N)

30

Upax = 0.25

20 r

10 1

0 L
-10 +
20 +
30 | — Full-Field

-0.3 -0.2 -0.1 0.0 0.1 0.2 0.3
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Homogenization of highly heterogeneous materials with nonlinear dissipative
constituents entering the class of Generalized Standard Materials (GSM) (Halphen

& Nguyen, 1975) governed by two convex potentials :

At each point « of the (micro)structure :

State of the system (state variables) : &, a = P,

Energy available in the system : w(e, ),

= Driving forces : o = 8—w(e, a), A= —8—w(s, ),
Oe oo
: : : . oY oo , .
Evolution of the internal variables : a=—"(A) < A=-—"(&a).
0A O

where v and ¢ are dual potentials.



EXACT separation of scales in nonlinear problems is seldomly met : an infinite
number of internal variables is required (Mandel 68, Rice 71, PS 82).

State variables ; g, a={eP(@)}zecv,
Potentials . w(g,a)= <w(€,5p)>, pla) = <g0(é?p)>,
_ N 9
Driving forces ; o = 8_15(57 a), A= __?f(g, a),

Oe oo

. . . ~ 0p, .
Evolution of internal variables : A= aT(a).
(81

= No scale decoupling : both scales have to be resolved simultaneously.

Differential Equation in a space of infinite dimension :

Aim of this work : derive a reduced model.



2. Classical approach : Transformation Field Analysis

Objective : approximate homogenized model for the r.v.e. V. Internal variables

a = E:p(m)leV)

where V =r.v.e. (representative volume element).

Reduction (Dvorak, 1992) of the plastic strain field on the r.v.e to 6 x N internal
variables, N= number of phases in the composite :

e H1. Plastic strain uniform / phase :

N
P@)= > X(@), zev
r=1

Internal variables : el|r = 1,..N
e H2. Evolution of f governed by the average stress in phase 7 :

(7)
b = 29

Er — M(T) Loy + 5?7 Or — <J>r7 oo

(o).
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4 loading conditions : & = &(¢)X° :

¥ = e;0e1, T2 = e;Rerterxey, B3 = 2<1)+%z<2>, »@® =14 @)



What’s wrong
Nonlinear composite Actual nonuniform Uniform plastic strain field
(two—phase) plastic strain field (TFA)

2

The TFA assumes that the plastic strain field is uniform per phase.




Field fluctuations do exist!

o
.
i

.'.
5]

Experiments :
left : metallic glass ©W. Johnson

right : polycrystalline Zirconium.
(©Bornert & Doumalin.

Simulations :

Elastic fibers, matrix :
left : elastic,

center : hardening,

right : ideally plastic.



3. Non Uniform Transformation Field Analysis NTFA

Reduction (Michel,PS, IJSS 2003) : reproduce the “dynamics” (evolution) and the
observed "patterns” with just a few variables, but physically motivated.

1st ingredient : Re-formulation of assumptions H1 : cP decomposed on
nonuniform “plastic modes”

M
eP(z,t) = ) eZ(t) u%)(x), x = microscopic variable € volume element V.
k=1

1(%) tensorial field defined on V only, capturing the pattern of the plastic deformation,

52 is a scalar. The 5k’s are the internal variables of the model.

o (%) has its support in a single phase in V.

® u(k) are mutually orthogonal : <u(’“) ; p,(e)> = O when k #= /.

o Tru(k) = 0 (incompressible plasticity, for simplicity).

State variables : &, (eQ)p=1.1




What do these modes look like ? Elastic fibers. Elasto-plastic matrix with
isotropic hardening . Fiber volume fraction : 0.25.

0 L L L L L
0.0 0.01 0.02 0.0300.04 0.05

VER (64 fibers). sy u$2 Py

TFA : plastic strain field uniform in the matrix phase (2 internal variables P, <P..)

NTFA : 2 modes u("f) = plastic strain field along two loading paths :
g =51)X®) 2 = gimple tension, =@ = pure shear, z;: %) = 5%,

Requires an accurate evolution law for the amplitudes ez on the modes.



2nd ingredient : evolution law for the <}’s

Local fields : Prescribe the macroscopic state variables z, (52) k=117~ SOlve :

M
o(x) = L(z) : (e(z) — eP(x)), &P(x) = Y fuF(a),
k=1
div(o(x)) =0, (e) =2, +B.C. (periodicity).

Linear (thermoelastic) problem = superposition :

M
A(z) 1 g() + Y Dx pF ()P
k=1

L(z): A(z) :e(t) + > pM (@) (1),
k=1

e(x,t)

o(x,t)

e A(x) elastic strain-localization tensor

e D Green’s operator, D x (%) (z) influence tensors.
o pM(x) = L(z) : (D *p®(x) - pW ().

Local fields o, ¢ depend LINEARLY on g and eP|,—; /.



Constitutive relations for the macroscopic state variables €2|k:1, M S

More easily expressed in terms of the reduced variables :
T = <u(k) ; 0'>, e = <u(k) ; €>, el = <y,(k) ; €p> = <p,(k> ; p,(k)>52

(@) =L" : (e-¢eP) = |7, =26 (¢, — D)),

M M
e(x) =A(x) e+ ) D« p(k)(a})ag = |éx=ar €+ ) Dy é?,
k=1 /=1

ajp = <N(k) 1 A>, Dy = <M(k) L (D u(@)>

(k) - gdev (r)
eh = < (k) . > i (oeq) LR | 3 OV (15q) &
80‘eq O'eq

M(r) 1/2
Approximation : ceq approximated by ¢4 = ( > (Tk)Q) =
k=1

Ordinary differential equations : |7, = F({7},,&)| orequivalently ek = G({eP},, 8).




4. Implementation and examples

A. Effective constitutive relations :
1. Do once for all :

e Select plastic modes 1(¥) on the unit-cell. u(¥) = extracted (Karhunen-Loeve)
from computational results for representative loadings on the unit-cell only...

e Compute several tensors representing the elastic interactions between modes.
Linear elasticity problems to be solved once for all.

2. Simulation of the response of a macroscopic material point

M
ct)=(o)=L:et)+ X (pW)eh(t), L) = G({eP}u(t),E(1)),
k=1




B. Structural problems :
e Incorporate the NTFA constitutive equations in a FEM code (internal variables).

o fields (post-processing) :

M
P(@,t) = > ht) pM (@),
k=1
M
e(z,t) = A(z):e(t)+ Y Dxpuk)(x)h
k=1
M
o(w,t) = L(x): A(z) () + > pM(@)h(1),
k=1

where p(k) (x) = L(x) : (D * u(k)> (x) — L(x) : u(k) (x).

LINEAR localization relations!



1. MoX : effective constitutive relations

Full-Field simulations. Monodisperse, polydisperse ? How many phases, 2, 3 ?

2-phase E 1 7 _ﬁ_,g.g--D-E"E‘E"B'E'E'E"u""J
(GPa) (-) (GPa.s) o8 e
Puclusters | 200 0.3 21.43 4007
Matrix 200 0.3 64.30 E
3-phase E v v % 200 L
(GPa) (-) (GPa.s) o + —— Single 1-nclus10n ‘
Puclusters | 200 0.3 21.43 Fos Moo, 8 el
Uclusters | 200 0.3 158.83 X Polydisperse, 2 phases
Matrix 200 03 52.94 0 D Polydisperse, 3 phases

0.0 002 004 006  0.08 0.1
3rd phase does matter! z
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Is the volume element representative ?

800

600 r

200 ¢

1 configuration is enough!

+ —— Config. 1 Config. 5
. Config. 2 ° ——- Config. 6
—————— Config. 3 Config. 7
,,,,, Config. 4 ~ Config. 8

Effective response
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NTFA. Mode Selection (Karhunen-Loeve)

Modes 1(¥)’s generated from pre-computed plastic strain-fields along "well-chosen"
elementary loading directions (relevant to the problem at hand) on the unit-cell
e Numerical simulations of the response of the RVE along 7 elementary loading paths :

2(()1) — e1 ®s e (uniaxial tension), 282) — e1 ®s e5 (pure shear)..., e5welling — g

»{) =0, eswelling—= ¢ inphaser.

e Select snapshots 9(") of the anelastic strain field (25 snapshots for each loading path
here).

M .
pB(@) =Y yPoO(2),
k=1

e where v(%) eigenvectors of the correlation matrix :

My . .
D gv;j’Uj(-k) = Moy, gij = <9(Z) 1 9(])>,
j=1

(b pOy =0 ke, (u®:p®) =




e Extract the modes corresponding to a specified information content. 10~ here.

A/ (S A)

Matrix
Inclusions Pu
Inclusions U |

0O 1 2 3 4 5 6 7 8 9 10

k

Linear matrix n = 1

Matrix
Inclusions Pu |
Inclusions U |

01 2 3 45 6 7 8 910
k

Nonlinear matrix n = 4
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Complex loading (tension+shear) with rota-
tion of principal axes

30

(GPa)

g11(t) = 10~ 1 sin wt,

£15(t) = 107 1(1 — coswt).

X

+

*

> 4 6 8 10
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Aging materials

Time-dependent viscosities (bulk and
shear) ky, uy In Pu.

Modes computed once for all.

Loading (tension+shear) at constant
strain-rate + swelling.
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2. Structural problem

Meshes

5 mm B’

“B

Geometry. Full-field

\ a(t)

cyclel cycle 2

~Umax

NTFA
Loading :



Modes

e Plane problem : 3 directions of macrosco-
pic stress : horizontal tension, transverse

. . (1) (4)

shear, vertical tension. Meg Heg

e Pre-computations with loading-unloading
cycles :
For each loading case £(t) along the applied
stress cycled between £0.0025,

5.00

3.75

2.50
1.25
0.00

2)
e=+103s"1.
0(?) : plastic strain field at every quarter of
each cycle.

e 5 Karhunen-Loeve modes are generated.

(3) (5)



Material response (unit-cell level)

Macroscopic stress-strain response
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Snapshot of the energy dissipated along the stabilized cycle
(unit-cell)

Reference FEM NTFA




Structural response (entire beam)

F (N)

30

20 1

10 ¢

-10

-20

-30

5 mm B

| —— Full-Field

F(N)

-0.3 -0.2 -0.1 0.0 0.1 0.2

u (mm)

“B

30

20 r

10

-10 1

-20 ¢

30 F

—  Full-Field NTEA |

-0.4 -0.2 0.0 0.2 0.4
u (mm)

Force/displacement at points A, A’




Local stress fields

M
o(X,t) = L(z) : A(z) 1 e(X,t) + 3 pW(@)P(X 1), == é
k=1

X = macroscopic variable (structure),  microscopic variable (unit-cell).

® a) o171 Exact.

.,  ®Db) o011 Re-localized stress
L-,o field from the reduced compu-
b) tation.

o a) o1- Exact.

® b) o1o Re-localized stress
field from the reduced compu-
tation.

Post-processing of the computation with homogenized model only!



Snapshot of the energy dissipated along the stabilized cycle

Michel, Suquet, IC Press 2007
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Conclusion

e In nonlinear composites intraphase strain heterogeneity is very important.
e Elementary patterns or modes of deformation are observed.

e These "modes™ are the reduced basis for a reduced "homogenized" constitutive
model

e Localization is a linear operation, even for nonlinear constituents.
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