Is higher-order homogenization useful?
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Scale effects in elastic periodic materials 242

Scale effects due to high contrast, poor scale separation (= % not so small), boundary effects
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[de Buhan+Hassen 2007] [Pecullan et al '98] [Dias 2019]



Non-local (non-simple) effective behaviour?

Non-local effective behaviour

e generalized continua [Toupin '62] [Mindlin '64] [Forest 2006] fiver-reinforced material matrix phase
e additional dofs: micromorphic, Cosserat, micropolar —— asplacoment
e higher-order gradients o v

e multiphase models [de Buhan+Hassen 2007] [Bleyer 2018] reinforcement phase

e other non-local

In practice:
e how to choose the relevant theory for a given microstructure?
e how to determine the effective parameters?

— Intuition, trial-and-error, idenfication procedures

— Asymptotic homogenization: rigorous and explicit way to derive the generalized model from the
microstructure [Sanchez-Palencia '80] [Bakhvalov+Panasenko '84] [Boutin '96, 2020]
— In this talk: gradient models for linear elastostatics




o Asymptotic homogenization for linear elastostatics
e A sign problem
e Is it worth the effort?



Microscopic model and two-scale Ansatz

For sample V of a periodic material with unit cell 5 ()
total energy (with distributed force f)

P[E£] = fV%e(x):c(x):e(x)dx—fvf(x)-f(x)dx

with e=V§

equilibrium problem (strong form)

divo (x) +f (x) =0,
on=0 ondV

O=cC:.€ onV
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Microscopic model and two-scale Ansatz

For sample V of a periodic material with unit cell 5 () oo V.9V
total energy (with distributed force f) H bbb I 2)\ ’_ Q.90
) V0606 -
P[E£] = fVEE(x) o) e(@) dx— [ @) E@) dx bloooodas) 0 :
00000000/ < :
with e=V§ ND D DO OHOH” g
equilibrium problem (strong form) \Qéﬁ/ -
-€ 1 >

divo(x) +f(x)=0, o=c:e onV
on=0 ondV

with 7 < 1, introduce rescaled variable
y=n"'x  with Nkl
assume displacement is a function of the two variables (x,y)

£, 1x)



Microscopic model and two-scale Ansatz

Ansatz for the displacement
Ex,y)=Ux)+7Y(x,y)  with (Y)(x)=0, where ()= fQ -dy.

U (x) is the macroscopic displacement and Y (x,y) is the microscopic shift (periodic in y), with
Uw)=Y 7"Up®), Y@y =) 7Yy
k=0 k=0
Energy & equilibrium problem, with V =V, + 77! Vy
1
OUY] = [, 5((VU+Vat VpY):e@): (VU + (7 Vat+ V) Y)) do— [ f-Uda

divo+f=0, o=c:(V;U+ (nV,+V,))Y) onV
on=0 ondV

— Energy: starting point for a variational homogenization procedure [Berdichevski '79, 2009]
[Lions, '81] [Allaire+Ganaoui, 2009] [Le+Marigo, 2018] [Audoly+CL, 2023]



Variational homogenization (1/3) 8142

1. Solve variational cell problem for y-periodic micro shift Y

Dy ®[U,Y; SY]-ng(x)-((SY)dx = 0 V8Y y-periodic

—. solution: Y =Y*(E,y) with E=V,U



Variational approach (2/3) 042

1. Solve variational cell problem for y-periodic micro shift Y

Dy ®[U,Y;8Y] -fvg(x) {(8Y)dx = 0 V8Y y-periodic
—. solution: Y=Y*(E,y) with E=V, U
2. Compute effective energy in terms of U only as ®*[U]=P[U,Y*(E)]
O*[Ul= [, (o7 (E+ (7 Vet Vy)Y*(E,9))-fU) dx

with o*(x,y) =c: (Ex)+ (9 Vx+ V) Y*(E(x),y))



Variational approach (3/3) 10/4

1. Solve variational cell problem for y-periodic micro shift Y

Dy ®[U,Y;8Y] -fvg(x) {(8Y)dx = 0 V8Y y-periodic
—. solution: Y=Y*(E,y) with E=V, U
2. Compute effective energy in terms of U only as ®*[U]=P[U,Y*(E)]
O*[Ul= [, (o7 (E+ (7 Vet Vy)Y*(E,9))-fU) dx

with o*(x,y)=c: (E(x)+ (nVx+ V)Y (E(x),y))
3. Formulate effective equilibrium problem

Dy®*[U,8U] = [ (¢¢*):Vx8U —f 8U) dx + Dy ®[U,Y* (E); Y*(Vx0U)] =0 VU



Variational approach (3/3) 11/42

1. Solve variational cell problem for y-periodic micro shift Y
Dy ®[U,Y;8Y] - fvg(x) {(8Y)dx = 0 V8Y y-periodic
—. solution: Y =Y*(E,y) with E=V, U
2. Compute effective energy in terms of U only as ®*[U]=P[U,Y*(E)]
O*[U]= [, (0" (E+ (7 Vet Vy)Y*(E,9))-fU) dx
with o*(x,y)=c: (E(x) + (7 Vy+ V)Y (E(x),y))
3. Formulate effective equilibrium problem

Dy®*[U,8U] = [, ((6*): Vx8U -f 8U) dx+ Dy ®[U,Y* (E); Y* (V20U)] =0 VU

=0

divy (™) +f =0 onV +boundary conditions



1. Formulation of cell problem 19/49

Find y-periodic micro shift Y
Dy ®[U,Y;0Y]- [ g-(8Y)dx = [ (o:(nVe+V,)OY)dx- [ g-(Y)dx
integration by parts with respect to x

Dy ®[U,Y;8Y] = [, (-ndiveo-0Y +0:VyY)dx+ [, (o-n-6Y)ds

dropping boundary terms (more on this later)

int
fVint<—(77diVx0'+g)-3Y+0':Vy8Y)dx=O D g g g g gfb\d
taking constant 0Y yields Lagrange multiplier @ ddd oI x
g =-n(divy0o) (0 HHHOH DO O
NIV IV IV N Ve
VIV IV




1. Formulation of cell problem 18/4

Find y-periodic micro shift Y
Dy ®[U,Y;0Y]- [ g-(6¥)dx = [ (o:(qVi+V;)0¥)dx- [ g-(8Y)dx
integration by parts with respect to x

Dy ®[U,Y;8Y] = [, (-ndiveo-8Y +0:VyY)dx+ [, (o-n-6Y)ds

we obtain cell problem as
fvmt (-0 (divgo - (divya)) - 8Y + o: V,8Y Ydxr =0, VY
Last integration by parts w.r. toy yields the cell problem in strong form
Find y-periodic micro shift Y, with (Y') =0,

divyo =7 ({divyo) —divyo) on{)
og=c:(E+ (nVy+V,)Y)



1. Solving cell problem order by order

Cell problem in strong form

divyo =7 ((divyo) —diveo) with o=c:(E+ (9Vy+V,)Y)

Plugging-in series expansions E=) , " Ep(x), Y=Y . n*Y;, yields

divyoo=0 with og=c: (Eo+ V,Y))

solution writes

Y*(x,y) = ¥o(y) :Ep(x)



1. Solving cell problem order by order

Cell problem in strong form

divyo =7 ((divyo) —diveo) with o=c:(E+ (nVy+V,)Y)

Plugging-in series expansions E=) , " Ep(x), Y=Y . n*Y;, yields

divyoo=0 with oo=c: (Eo+ VyY))
divyo1 = (divyop) —divyog with o1=c: (E1+ V Yo+ VyY7) Yo=V:Eo, oo=c: (Eyo+ VyYp)

solution writes

Y*(x,y) = Wo(y) :Eo(x) +7 (¥o(y) :E1(x) + ¥1(y) -~ VEj(x))



1. Solving cell problem order by order

Cell problem in strong form

divyo =7 ((divyo) —divyo) with o=c:(E+ (9Vy+V,)Y)

Plugging-in series expansions E=) , " Ep(x), Y=Y . n*Y;, yields

diVy0'0=0 with oo=c: (Eg+ VyY())

diVy0'1= (divyop) —dive o with o1=c: (E1+ V Yo+ VyY7) Yo=Vy:Ey, oog=c: (Eo+ VyYo)

diVy0'2= (divyo1) —=divyeoq with oo=c:(Es+ V, Y1+ Vsz) Yi=Vy:E{1+ V- VE),
o1=c:(E1+ Vi Yo+ VY1)

solution writes

Y*(x,y) = Yo(y) :Eox)+79 (Yo(y) :E1(x) +¥i(y) -~ VEp(x))
+72(¥o(y) :Ez2(x) + ¥1(y) -~ VE1(%) + Vo (y) :: VZEp(x)) + O ()



1. Solving cell problem order by order 17/42

Cell problem in strong form

divyo =7 ((divyo) —divyo) with o=c:(E+ (9Vy+V,)Y)

Plugging-in series expansions E=) , " Ep(x), Y=Y . n*Y;, yields

diVy0'0=0 with oo=c: (Eg+ VyY())
diVy0'1= (divyop) —dive o with o1=c: (E1+ V Yo+ VyY7) Yo=Vy:Ey, oog=c: (Eo+ VyYo)
diVy0'2= (divyo1) —=divyeoq with oo=c:(Es+ V, Y1+ Vsz) Yi=Vy:E{1+ V- VE),
o1=c:(E1+ Vi Yo+ VY1)
solution writes
Y x,y) = ¥o(y) :Eo(x) +7 (Vo(y) :E1(x) + ¥1(y) - VEp(x))
+72(¥o(y) :Ez2(x) + W1 (y) - VE1 () + W3 (y) :: VZEo () + O (%)

can be factorized using E=Eq+nE1+7?E>

Y*x,y) = ¥o(y):E@x) +7V1(y) ~VEx) +72Vs(y) :: VZE(x) + O (1°)



By-passing variational view: effective problem

By-passing variational approach, remember strong form of effective problem
divy (™) (x) +f(x) =0, onV,

with
(0%) = (c:(E+ (n Vx+ Vy)yv*)> = Pj:Ej
+7 (P§:E1+ P§ - VEy)
+ 92 (P§:Ey+P;f - VE{+P5::V2Eq) + O (9°)

yields cascade effective local problems with non-local source terms
dive Pj:Eo(x) +f (x) =0 solve for Uy
divy (P§:E1(x) +P7 - VEy(x)) =0 solve for Uy

divy (P :Eo(x) + Pf ~ VE{(x) +P5::V2Eg(x)) =0 solvefor Us



Effective problem: criminal form 19/42

By-passing variational approach, remember strong form of effective problem
divy (™) (x) +f(x) =0, onV,

with
(%) (x) = P§:Eop(x)
+ 1 (P§:E1(x) +P{ - VEy(x))
+ 7}2 (P :Es(x) +Pf - VE{(x) +P5::V?Eo(x)) + O (773)

Summing-up effective equations: criminal Ansazt [Bakhvalov & Panasenko, '84] [Allaire at al 2018]

divy (P§:E(x) +P; ~VE(x) +P3:: V2E(x)) +f(x) =0 solve for U=Uy+nU; +72Us



2. Back to variational view: effective energy

Adopting the criminal view (E=Eq+nE1+ 772E2)
Y (x,y) = o) :E@®) +n¥1(y) - VE@®) + 7> ¥3(y) :: VE(x) + O (%)
microscopic strain writes
e*(x,y) =E+ (Vs +V))Y* = Fy(y) :E(x) +1F1(y) - VE(x) +7?Fa(y) :: VZE(x) +O (%)

Effective energy
O U= [, (" (xy):e) " (x,3)-fU)dx



2. Back to variational view: effective energy

Effective energy

CID*[U]=fV ((Fo:E+nF,~-VE+1n’F;::V?E):c(y): (Fy:E+nF,-VE+7°F;::V2E))-fU) dx

Expanding + truncating the effective energy
e = K-
O*[U] = EfthE.K.de
- [, @ U@

with K = (Fér:c:Fo)



2. Back to variational view: effective energy

Effective energy
<1>*[U]=fv(((FO:E+7;F1-'-VE+7;2F2::V2E):c(y):(FO:E+77F1-'-VE+772F2::V2E))—fU)dx
Expanding + truncating the effective energy
* = 1 I 1 AR AL
P*[U] = §fthE.K.de+§fthn(E.A.-VE+VE.-A .E)dx
-, f@) U@dx

with K = (Fg:c:Fo) A = (Fg:c:Fl)



2. Back to variational view: effective energy

Effective energy
<1>*[U]=fv(((FO:E+7;F1-'-VE+7;2F2::V2E):c(y):(FO:E+77F1-'-VE+772F2::V2E))—fU)dx
Expanding + truncating the effective energy
* = 1 K- 1 A AL
P*[U] = §fthE.K.de+§fthn(E.A.-VE+VE--A .E)dx
+%fv nz(VE-'-B:-VE+E:C::V2E+V2E::CT:E)dx—fV fx) -U)dx+ 0O ()

with K = (Fg:c:Fo) A = (Fg:c:Fl) B = (FiF:c:Fl) = (Fg:c:Fg)



3. Back to variational view: equilibrium

Stationarity condition for the energy writes

[, [E:K:6E+n(E:A-VOE+VE-A":5E)]dx
+ [, "’[E-B-VOE+E:C::V25E+V?E::CT:6E]dx- [, f(x)-6U (x)dx=0



3. Back to variational view: equilibrium

Stationarity condition for the energy writes

[ [E:K:8E+n(E:A---V3E+VE:-AT:8E]]dx
‘/int N, \ — J/
=(P;:E):0E =(P;-VE):0E
+fv nz[yE.-.B.-.v8E+E:C::v28E+v2E::CT:Sq]dx—fv fx) -Ux)dx=0
" =(P5::%3E):3E "

equivalent to
divy (P§:E(x) +Pf ~VE(x) +P5::V2E(x)) +f (x) =0



3. Back to variational view: equilibrium

Stationarity condition for the energy writes

[, |&:k:5E +n(E:A---V8E+VE:-AT:8E]]dx
‘/int \—V—/ N - J/
=(P§:E):0E =(P{~VE):0E
+fV nz[yE.-.B.-.v8E+E:C::v28E+v2E::CT:Sq]dx—fv fx) -Ux)dx=0
. =(P2*::%r2E):8E .

equivalent to
divy (P§:E(x) +Pf ~VE(x) +P5::V2E(x)) +f (x) =0
gradient term writes (P3::V2E):0E = (-B::V?E):8E with B=B-C-CT

In many cases [Smyshlyaev+Cherednichenko, 2000] [Allaire, 2016, 2018] [Le+Marigo, 2018]
B<0 “incorrect sign”

— challenge when solving associated BVP: creates oscillating terms in the solution



Outllne 27/42

e Asymptotic homogenization for linear elastostatics
e A sign problem
e Is it worth the effort?



Origin of the sign problem 28/42

Where was positivity lost in the homogenization process? Recall, effective energy writes (with f=0)
* 1 * *
O [Ul= [5(e"®x,3) e(y):e* @) dx >0
with
e (x,y) = Fo@) :E@) +nF1(y) - VE®) +n*Fa(y) :: VZE@) + 0 (7°)



Origin of the sign problem 29/42

Where was positivity lost in the homogenization process? Recall, effective energy writes (with f =0)

P [UT= [ (" @) ie@) e (xy)dx >0

This writes, in matrix notation

1 E(x) K A C E(x)
<1)*[U]=f§ 1 VE (x) A B NVE®) |dx+0O %)
72 V2E (x) cr ... ... 72 V2E (x)
with
K A
K>0,B>0 and (AT B ) >0

Truncation + integration by parts has led to

(P}::V?E):0E = (-B::V2E):0E with B=B-C-CT<0

— Can we change truncation rule to preserve positivity?



Minimal truncation preserving positivity

using block-Cholesky decomposition L -D - LT [Thbaut+Audoly+CL, 2025]
K A C - I 00 Dy 0 0 - I 00-..-\T
AT B |zi T 0o-- || 0D 1o
| Ly --- o --- Ly ---

cT ...

identifying order by order yields

iteration order | 0 1 2
moduli Dy=K D,=B-AT.KT.A
coefficients Li=(K1.A)T Ly=(K1.0)T

o with “correct” signs, Dy >0, D1 >0, positivity of D; follows from ( fT ‘; ) >0
o applicable up to any order



Outllne 31/42

e Asymptotic homogenization for linear elastostatics
e A sign problem
e Isit worth the effort?



Benchmark test: discrete lattice

Energy formulation, beam network
1 EI
Dgiscrete (i, gl) = EZ (EA 833 + A (Kczz +12 ’7}%) )
a

Two-scale Ansatz

i U |
( Zi ) N ( fy((;)) ) + Y, (%) with

e macroscopic displacement U (x), strain E(x) = V, U (x)

e microscopic displacement + rotation Y (x) = (& (x), Yp(x))
use ) .~ [...dx: continualized strain energy ®[U,Y]
— Homogenization yields Y*(x) = ¥o-E(x) +n ¥1: VE (x)




Homogenization of the discrete lattice 33/42

Provided a lattice geometry, definitions of %, E,, the variational homogenization procedure yields

Y*(x)=Vy-Ex)+7n¥:VE(x)
®*[U]=3 [ [E-K-E+nE-A:VE+7’ (B::(VE®VE) +2E:C::V’E)] dx

Second-order HOmogenization Automated in a Library (SHOAL) [Audoly, 2023]

e generic, higher-order homogenization for linear, discrete elastic structures

written in Wolfram Mathematica

explicit, algebraic caculations

allows for varying geometric & elastic properties
based on [Audoly+CL, 2023]




Model validation procedure (2/2)

based on post-processing discrete simulations (no solution of effective BVP)

Given a beam in the discrete lattice, compute
e smooth interpolations v;(x) for all Bravais sublattices 1 <i<ny

« macroscopic displacement U = (5;) ¢;¢, , E=VU and VE
 microscopic displacement y= (;-U) 1<i<n;,
o compare with prediction y{o;= ¥y -E and yi1i3=Y¥i: VE of homogenized model

— epo]=I¥y-y{oll and ef17=1¥—- o1 + ¥l



Application: crack in honeycomb

e Validation procedure based on post-processing of discrete simulations
e this is not a comparison against predictions obtained from effective models

classical homogenization higher-order homogenization

1
0.5.

-0.5
-1.5
=25
-3.5

log10 Iy — ¥fo;ll log10lly — (y{o; +¥{1D) |l
[Ye+CL+Audoly 2024]



Application: varying elastic properties

e V (EI)enters the gradient prediction

[Ye+CL+Audoly 2024]



Application: varying elastic properties

e V(EI)enters the gradient prediction

classical homogenization higher-order homogenization
“gge

0.5 gm
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[Ye+CL+Audoly 2024]



Application: varying geometric properties
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Wrapplng -up 39/42

When modeling elastic periodic materials
e Asymptotic homogenization
e provides a rigorous derivation of gradient model
e accurately captures higher-order effects far from boundaries
e is not a proof of convergence, but can help identify the limit
e Variational approach + criminal Ansatz
e ultimately equivalent to strong form, perturbative approach
e delivers higher-order model in variational form
e provides tools to overcome sign issues
For discrete microstructures
e cell problem is algebraic

e all calculations can be done automatically in mathematica, download SHOAL



Can we make predictions (ie solve BVPs)?

The devil is at the boundaries
e limited accuracy in boundary regions (boundary layers)
e higher-order equations require extra BCs
e boundary terms left-out in homogenization procedure

Lo 30 20 1’0“%} /
Y H J/ 01
5 .
\.)"/
F oz w
e~ FREE
BOUNDARY o rel_real_error_reloc
006400 le7 207 367 4de7 b6e7 be7 Tel 8e7 97 10806
Figure 3. — The boundary layer stresses 6°®* ploted against p,, 4 |
at y, = 0.027 fixed. l—
' '
[Dumontet, '86] [Fergoug et al, '22]

How can we handle this?
e analysis of boundary layers + matched expansions [Thbaut+Audoly+CL, 2024]
e energy approach [work in progress, PhD M. Thbaut]



Merci de votre attention !

Merci a

Basile Audoly, Ecole Polytechnique
Manon Thbaut, Ecole Polytechnique
Yang Ye, Ecole Polytechnique



