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General context
The challenge of constitutive modeling:

↭ physical principles: well established, no intrinsic uncertainty

↭ constitutive models: approximation, interpretation, heuristics, uncertainty
→ models rely on postulates
→ relevant model can be strongly application-dependent
→ models are based on constitutive parameters, to be identified against experimental data
→ attempts to construct constitutive models from ab initio are confronted to complexity and

di!culty of scale transitions

Approximation level of models di!cult to control (convergence, UQ?)
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Numerical materials

Complexity of (macroscopic) material behavior originates from interactions between unit
mechanisms acting at fine (microscopic) scales:
↭ requires good understanding of unit mechanisms and mastered microscopic models
↭ e”ective (macroscopic) material response obtained by numerical modeling of

representative samples (RVEs)

Examples:
SiO2 amorphous glass

↭ molecular dynamics simulations (LAMMPS)

↭ pressure-shear loading at various temperatures
and strain-rates

[W. Schill et al., JMPS 113 (2018) & 140 (2020)]
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Complexity of (macroscopic) material behavior originates from interactions between unit
mechanisms acting at fine (microscopic) scales:
↭ requires good understanding of unit mechanisms and mastered microscopic models
↭ e”ective (macroscopic) material response obtained by numerical modeling of

representative samples (RVEs)

Examples:
Granular material (sand)

↭ 3D irregular rigid grains (LS-DEM)

↭ triaxial loading experiments

↭ frictional contact

↭ stored energy and dissipation

[K. Karapiperis et al., JMPS 144 (2020) & 147 (2021)]
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Numerical materials

Complexity of (macroscopic) material behavior originates from interactions between unit
mechanisms acting at fine (microscopic) scales:

↭ requires good understanding of unit mechanisms and mastered microscopic models

↭ e”ective (macroscopic) material response obtained by numerical modeling of
representative samples (RVEs)

Examples:
Polyurethane foam

↭ continuum microstructured RVEs

↭ (an)isotropic (hyper)elasticity

↭ stochastic microstructures

[T.F. Korzeniowski and K. Weinberg, CMAME 400 (2022)]
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Multiscale mechanics

Objective: computations at structural (macroscopic) scale

↭ significant cost of systematic use of numerical material (RVE computations ↑ e.g. FE2)

↭ di!culty to construct explicit macroscopic model, reproducing results of numerical
material model !

Solutions:

↭ linear material response ↑ homogenization OK

↭ non-linear material response ?
→ mean field (MF) approaches
→ model reduction / modal approaches (NTFA, POD, PGD, . . . )
→ ad hoc model parameters identification
→ surrogate models: neural networks (NN), machine learning (ML), . . .
→ data-driven computing

↭ DD multiscale ↓↔ Active Learning (AL) strategy
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Data-Driven Computational Mechanics
Classical approach: fitting parametric representation of constitutive model to data
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DDCM Illustration
Model-free data-driven computational mechanics on a 1D bar

[Kirchdoerfer & Ortiz, 2016]
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DDCM Paradigm
Model-free data-driven computational mechanics [Kirchdoerfer-Ortiz, 2016]

↭ replace heuristic constitutive relation by data

↭ data set D = {ẑω = (ω̂ω, ε̂ω), ω = 1, . . . , N}
↭ manifold E of admissible states (compatible ω and balanced ε)

↭ distance in phase space of mechanical states (with metric C):

d(y, z) =
[1

2
(ωy ↗ ωz) · C · (ωy ↗ ωz)

+
1

2
(εy ↗ εz) · C→1 · (εy ↗ εz)

]

↭ best approximate solution = admissible state closest to data

inf
z↑E

inf
ẑ↑D

d(z, ẑ)

Mixed-integer programming (MIP) problem
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Constitutive distance

Constitutive response defined by data D

=↔ constitutive distance dD(z) = inf
z→↑D

d(z, z↓)

Quadratic distance:

d(z, z↓) =
1

2
↘z ↗ z

↓↘2
C

=
1

2
(ω ↗ ω

↓) : C : (ω ↗ ω
↓)

+
1

2
(ε ↗ ε

↓) : C→1 : (ε ↗ ε
↓)

based on metric C

Regularisation (convexification) is possible [Kirchdoerfer & Ortiz, 2017]
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DDCM Algorithm

Alternated minimization algorithm:

↭ projection on equilibrium manifold

z = arg inf
z↑↑E

d(z↔, ẑ) = PE(ẑ)

minimization of a quadratic function with linear constraints

↭ projection on data set
ẑ = arg inf

ẑ↑↑D
d(z, ẑ↔) = PD(z)

discrete nearest-neighbour (NN) search

↭ fixed point algorithm
z = PE(PD(z))

Alternative MIP algorithms are possible [Kanno, 2018, 2019], but with high computational cost.
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DDCM in practice (1)
↭ discrete balance and compatibility equations

M∑

e=1

weB
T
e εe = f and ωe = Beu (e = 1, . . . , M)

↭ global distance to minimize

d(z, ẑ) =
[ M∑

e=1

we

(1

2
(ωe ↗ ω̂ωe) · C · (ωe ↗ ω̂ωe)

+
1

2
(εe ↗ ε̂ωe) · C→1 · (εe ↗ ε̂ωe)

)]

↭ constrained minimization =↔ Lagrange multipliers ϑ

sup
ω

inf
u,ε

[
d ((Bu,ε), ẑ) ↗ ϑ

T

(
M∑

e=1

weB
T
e εe ↗ f

)]
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DDCM in practice (2)
Constrained minimization leads to two (uncoupled) linear algebraic systems

M∑

e=1

weB
T
e CBeu =

M∑

e=1

weB
T
e Cω̂ωe

M∑

e=1

weB
T
e CBeϑ = f ↗

M∑

e=1

weB
T
e ε̂ωe

with ωe = Beu and εe = ε̂ωe + CBeϑ.

Projection PE(ẑ) amounts to solving above systems:

↭ structure of linear elasticity sti”ness matrices

↭ can be factorized once for all load cases

↭ can use o”-the-shelf FE solvers (for example)

=↔ main computational cost in NN searches (PD(z))!
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Computational Cost
Optimized NN search algorithms ([Eggersmann et al., CMAME 382, 2021])

R. Eggersmann, L. Stainier, M. Ortiz et al. Computer Methods in Applied Mechanics and Engineering 382 (2021) 113855

Fig. 7. (a) Illustration of reduced search paths in a tree structure. Red paths are evaluated, whereas the orange paths are neglected.
(b) Reduction of the number of checks by reducing the current best distance dc by a factor fd for backtracking. (For interpretation
of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 8. Elastic solid example: Approximate 12-d tree used for nearest-neighbor search on 20 one million points data sets. Results are studied
for different parameters fd . Averaged results are depicted in bold, all results in light colors. (a) Query times per iteration over solver
iterations. Total search times within the first 30 iterations stated in brackets. (b) Global squared distance over solver iterations. Remaining
squared distance after 30 iterations stated in brackets. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

On the one hand, we can reduce the search times per iteration by almost 4 magnitudes. As mentioned before,
for fd = 1.0 the same results as for the exact k-d tree in Fig. 3 are retrieved. For the control parameter fd = 0.0,
we perceive query times of less than 0.04 s per iteration on average. Regarding the query times of the 20 samples,
only very small fluctuations occur.

On the other hand, in Fig. 8b, we observe that the remaining distances after 30 iterations increase with decreasing
values of fd . But two exceptions from this can be seen. First, the remaining distances with fd = 0.0 fall below those
with fd = 0.2. Second, the results with fd = 0.6 show on average slightly lower distances than the computations
with fd = 1.0.

To explain these observations is difficult, but the authors have the following assumption. As mentioned above,
the data-driven iterative solver might stop in local minima. The worse the nearest-neighbor algorithm’s accuracy, the
higher the probability of running into a local minimum. However, a very “bad guess” for one integration point in
an iteration can lead to a better solution if a larger step beyond a local minimum is done in the following iteration.

10

approximate kd-tree search

R. Eggersmann, L. Stainier, M. Ortiz et al. Computer Methods in Applied Mechanics and Engineering 382 (2021) 113855

Fig. 9. (a) Voronoi tesselation of a small data set. (b) Space partitioning by a 3-means tree for the same data set with corresponding search
tree. Sectors to be checked during the closest-point search to the query point (black cross) are highlighted and corresponding search paths in
the search tree are marked in red. Final query distance indicated by black dashed line. Center points of clusters are indicated by triangles.
Relevant cluster radii dr for back checks are marked by colored dashed lines. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

This assumption would also explain the high variability observed for the computations with fd = 0.0 because with
lower fd -values more local minima exist and larger local steps are more likely. The described effect seems to be
intensified due to the k-d space partitioning, as we can conclude from the following section.

4.2. Approximate nearest-neighbors using k-means trees

As a second tree-based search algorithm, we investigate the k-means tree. This tree was proposed in the early
work of Fukunga & Narendra [17]. It is based on the idea of recursively branching the data into k clusters until all
clusters are smaller than a certain bucket size. This clustering can be performed in principle by different clustering
techniques. In [17], the k-means clustering algorithm was suggested, which we also used in our studies. Then, the
node corresponding to a cluster bears the coordinates of the midpoint of all points in this cluster. The node is also
equipped with the largest distance dr from the cluster mean to all points included in the cluster.

The search in the k-means tree starts from the root node. Then, recursively all distances to its children are
computed and sorted. The algorithm then chooses the child or cluster closest to the query point as the next node
to evaluate until a leaf node is reached. During backtracking the non-chosen clusters are evaluated if

d(x, q) � fd · dr < dc, (13)

where d(x, q) defines the distance between the non-chosen cluster midpoint x and the query point q. Here, the
triangular inequality is exploited to reduce the number of necessary evaluations. Besides, the accuracy control
parameter fd is used in a similar manner as introduced before in Section 4.1. However, here fd reduces the radius
dr to ensure that the exact search is performed for fd = 1.0 and no backtracking is done for fd = 0.0.

According to the described k-means tree, a space partitioning is depicted in Fig. 9b with k = 3. First of all,
the space partitioning is now similar to the data set’s Voronoi tessellation (see Fig. 9a). This space partitioning
appears to be more natural to the problem compared to the before discussed 2-d partitioning. It is here sufficient
to run a single search path to find the exact result regarding the depicted query situation. This is because there is
no intersection between the circle around the query point with radius dc and the circle around any non-evaluated
cluster with radii dr .

A parameter study according to the same procedure as in the section before was performed with values
fd = 0.0, 0.2, 0.4, 0.6, 1.0. Therefore, again the same 20 samples with one million points were used. Here, a
4-means tree was investigated with a bucket size of k2 = 16. The choice of k = 4 was made here since the query

11

kmeans-tree search
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Fig. 15. Elastic solid example: Approximate 4-means tree used for nearest-neighbor search on 5 one billion points data sets. Results are
studied for different parameters f f

d . Averaged results are depicted in bold, all results in light colors. (a) Query times per iteration over solver
iterations. Total search times within the first 30 iterations stated in brackets. (b) Global squared distance over solver iterations. Remaining
squared distance after 30 iterations stated in brackets. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

mean a speedup of more than 106. Nevertheless, a reduction of accuracy is observed compared to the results with
f f
d = 0.4 and f f

d = 0.6. The latter show approximately the same remaining distances with 2.24 and 2.13. With a
parameter of f f

d = 0.4 we end up with approximately 33 s per computation.

5. Summary and concluding remarks

We have investigated three search structures for solving the nearest-neighbor problem in data-driven computing,
namely, the k-d tree, the k-means tree, and the k-NN graph and shown how these search structures can be used
for approximate nearest-neighbor searching. k-means search trees are found to be particularly well-suited for the
task because the space partitioning is similar to a Voronoi tessellation. We find that, in the initial iterations of the
data-driven solver, rough approximations of the nearest-neighbors are sufficient. As convergence is approached, the
knowledge of the previous iteration can be used to accelerate the searches, e.g., using graph structures. We show
that these strategies allow finite element simulations with data sets of up to billion points to be performed in the
span of seconds.

Further improvements: With reference to graph search algorithms, we have observed that large benefits can
be obtained by taking into account query results from previous iterations. The use of that information in the
context of k-means trees naturally suggests itself. We have performed additional assessments of the satellite system
graph [41] and the hierarchical navigable small world graph [38]. For the problems under consideration, we have
not observed significant advantages, especially considering the additional effort required for building the indices.
However, additional performance could be gained by means of parallel implementations or GPU computing. The
presented search algorithms are already capable of dealing with inelastic material behavior, since the basic structure
of the nearest neighbor problem is not affected. Despite this, further optimization might be possible and graph-based
methods might show the best suitability for these cases.

Noisy data sets: We have limited our investigations to 3D elastic case problems with synthetic data sets free of
scatter or noise. Such data sets might be generated, e.g., by simulations at a lower scale or by preprocessing or
filtering measured data. However, experimental data sets are inevitably noisy and may contain outliers. In [2], a
maximum-entropy solver was proposed that can deal effectively with noisy data and outliers. The resulting solvers
are no longer minimum-distance solvers by aim to maximize a likelihood function. Nevertheless, the need to
structure the data efficiently and perform fast searches persists. Given the maximum entropy characterization of
the solutions, k-mean tree methods are likely to be best suited.

16

109 points query time → 1s

Additional benefits:

↭ no tangent operator for non-linear problems

↭ no need for incremental loading (history-independent materials)
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Multiscale computational mechanics

Matrix

In
cl
us
io
n

Co
mp
osit
e?

Available solutions

↭ concurrent multiscale methods (FE2)
[ Feyel, 1999]

↭ o#ine database from micro computation
→ macroscopic models (fitted, incl. NN)
→ DDCM [ Xu et al., 2020]
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Accelerating FE2

High computational cost

↭ systematic and redundant evaluations

↭ tangent operator

Dynamic database construction (A. Platzer’s Ph.D. thesis)

L. Stainier (January 2025) Data Driven Mechanics 14/30



Accelerating FE2

High computational cost

↭ systematic and redundant evaluations

↭ tangent operator

Dynamic database construction (A. Platzer’s Ph.D. thesis)

L. Stainier (January 2025) Data Driven Mechanics 14/30



Accelerating FE2

High computational cost

↭ systematic and redundant evaluations

↭ tangent operator

Dynamic database construction (A. Platzer’s Ph.D. thesis)

L. Stainier (January 2025) Data Driven Mechanics 14/30



Accelerating FE2

High computational cost

↭ systematic and redundant evaluations

↭ tangent operator

Dynamic database construction (A. Platzer’s Ph.D. thesis)

L. Stainier (January 2025) Data Driven Mechanics 14/30



Example: multiscale data generation
↭ Nonlinear strain energy:

!(ω) =
ε

2

(
trω2 +

ω

2
trω4

)
+ µ

(
|ω|2 +

ω

2
|ω|4

)

↭ Heterogeneities:

!(ω(y)) =

{
!M (ω(y)) fory in the matrix

ϑ!M (ω(y)) fory ≃ in the inclusions
,

with ϑ = 103, ω = 0 or 104, EM = 24[F/L2], ϖ = 0.3

↭ Periodic boundary conditions.

↭ (ϱ11, ϱ22, ϱ12) = (ς0ς1, ς0(1 ↗ ς1), ς2)

↭ ςis are sampled by the Latin Hyper Cube.

↭ Database size: Nd = 10K
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Example: DDCM perforated plate

↭ ” :

{
height = 50, width = 20

hole radius = 2
[L]

↭ Dirichlet BCs:

{
ubot = (0, 0)[L]

utop = (0.3, 0.05)[L]

↭ Meshes P1 (Nel = 905)

↭ DDCM via ddfenics1 .

↭ Reference FE2 via micmacsFenics2 .

↭ Static DB of 10K samples.

↭ Estimation3 of C : = sym(AεA
→1
ϑ ), s.t.

[DB] = U!

[
Aϑ . . .
Aε . . .

]

1 github.com/felipefr/ddfenics

2 github.com/felipefr/micmacsFenics

3[Eggersmann et al, 2019]
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Example: DDCM with Static DB vs FE2

Method NR it DD it Nω
eval N tan

eval tDBgen(s) ttotal(s) speedup erel
L2 (u, uref )

FE2 5 - 10020 10020 - 180.8 1 -
DDCM - 8 10000 - 78.07 80.95 2.233 6.12e-03

0.000 0.005
�11 + �22

�0.2

0.0

0.2

0.4

�
11

+
�

22
DB

D

E

0.000 0.002 0.004
�12

0.00

0.05

0.10

0.15

�
12

DB

D

E

Phase Space DD : Perf. Plate
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Prototype adaptive solver (small strain)

Initial database

D(0)

0

Mechanical response

{(ω̄e, ε̄e)}M
e=1

1

DDCM simulation

(from A. Platzer’s PhD thesis)
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Prototype adaptive solver (small strain)

Initial database

D(0)

0

Mechanical response
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1

New database2

DDCM simulation

select isolated points
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Prototype adaptive solver (small strain)

Initial database

D(0)

0

Mechanical response

{(ω̄e, ε̄e)}M
e=1

1

New database2

D(j+1) = D(j)
⋃

e↑I

(ω̄e, ε̄
new
e )

DDCM simulation

select isolated points

j ↗ j + 1

(from A. Platzer’s PhD thesis)
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Numerical Examples
↭ 1) Cook Membrane, 2) Perforated plate

↭ Meshes P1 (Nel): 868 (Cook) , 905 (PP Coarse), 2004 (PP Fine)

↭ Parameters: Nd = 10, maxupdate = 20, C estimated/updated
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Comparison Pure DDCM to DD-FE2

0.000 0.005
�11 + �22

�0.2

0.0

0.2

0.4

�
11

+
�

22

DB

D

E

0.000 0.002 0.004
�12

0.00

0.05

0.10

0.15

�
12

DB

D

E

Phase Space DD : Perf. Plate

0.000 0.005
�11 + �22

�0.2

�0.1

0.0

0.1

0.2

0.3

0.4

�
11

+
�

22

DB

D

E

0.000 0.002 0.004
�12

0.00

0.02

0.04

0.06

0.08

0.10

0.12

�
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Perforated plate

- DDCM DD-FE2
N0

d 10000 10
distrel 6.81e-02 9.76e-4

erel
L2 (u, uref ) 6.12e-03 1.48e-04

erel
L2 (ε,εref ) 4.39e-02 8.43e-03
erel
L2 (ω, ωref ) 9.62e-02 7.41e-03

Nd 10000 931
itout - 46
ittotal 8 69
tonline(s) 2.88 14.89
to!ine(s) 78.07 0.078
tTotal(s) 80.95 14.97
Speed-up 1 5.41

↗↑ speedup w.r.t. FE2 ⇐ 11⇒
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Active learning

DD-AL method:

↭ enhanced DDCM strategy:
→ accelerated projection on equilibrium manifold
→ Sylvester mean metric estimation for C
→ locally convex reconstruction
→ tangent reconstruction

↭ AL labellisation:
→ Greedy (G) score: G(j)

(v) = (
⇑

wj)d1j

→ Entropy (E) score: E(j) = Ẽ(j) ⇒ G(j)

Constitutive
manifold

CH query

CH
 q

ue
ry

Tangent
manifold

Ẽ(j) = ↗
k∑

i=1

pij log(pij) , pij =
exp(↗d̄ij)∑k
l=1 exp(↗d̄lj)

, d̄ij =
dij ↗ maxl↑[1,k] dlj

maxl↑[1,k] dlj

[Rocha et al., under review ]
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DD-AL example
DD vs. FE2 simulation of a holed plate (φxy stress component)

DD-CH FE2
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DD-AL example

Improved e!ciency of AL strategies: speedup w.r.t. FE2
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DD-AL example
Improved e!ciency of AL strategies: # of call to CH

G-score E-score
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DD-AL example

Improved e!ciency of AL strategies: # of call to CH (binary view)

G-score E-score
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DD Multiscale Nonlinear Elasticity

Main observations:

↭ On-the-fly databases can drastically speed-up pure FE2 approaches.

↭ Larger speedups are obtained for larger problems

↭ Active Learning strategy with Entropy score o”ers further performance gains

↭ The recreation of BallTree, KDTree using sklearn have not shown to be a bottleneck in
terms of computational costs.

↭ ddfenics1 has been shown to be an e!cient toolbox to test new formulations in DDCM :
nonlinear problems, functional spaces, solvers, ...

1github.com/felipefr/ddfenics
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Incremental data driven inelasticity
Construction of connected paths (observations + thermodynamics)

Incremental DDCM problem

Données avec histoire

Approche « Data-Driven » incrémentale

→ données organisées sous forme de graphes orientés

→ jeu de données incrémental :

Mk+1 = {zk+1 = (εk+1, σk+1): accessibles depuis zk = (εk, σk)}

→ problème DD incrémental : zk+1 = arg min
z∈Ek+1,ẑ∈Mk+1

d(z, ẑ)

Karapiperis et al., JMPS 147 (2021)[Karapiperis et al., 2021]L. Stainier (January 2025) Data Driven Mechanics 26/30



Application: shear-banding in sand
Formation of a shear band in sand (triaxial experiment)

LS-DEM DD DD (self-consistent)

[Karapiperis et al., 2021]
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Reinforcement learning

Iterative approach (identify relevant strain path to sample)

Global response (from mechanical solution)

Global response (from material solution)

[Gorgogianni et al., 2023]
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Data-driven multiscale paradigm(s)

Overview:

↭ data generation by computations on RVEs (numerical material):
FE, FFT, mean-field, . . .

↭ a priori generation of a data base
→ o”ine computations (low marginal cost)
→ di!culty = sampling (range, density, distribution, . . . )

↭ dynamic data generation
→ automatic sampling (distance criterion, or other ⇓ adaptive learning)
→ di!culty = storage / history e”ects (cf. [Chaouch & Yvonnet, 2024])
→ higher initial cost, with asymptotic reduction (< FE2)

↭ iterative data generation
→ improvement / enrichment of database through repeated simulations [Prume et al., 2025]
→ more significant computational cost
→ can be seen as reinforcement learning
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Perspectives

Main conclusion:

↭ DDCM allows to generate multi-scale data only when and where needed
→ importance sampling
→ ⇓ parcimony

↭ applicable to numerical and semi-analytical homogenization approaches

Perspectives:

↭ data reuse: pick data in existing set vs. generating new data

↭ data storage issue (full micro-fields) !

↭ potential combination with data-reduction techniques

↭ community e”ort ?
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